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AHOTALIA

MerToto uiei 6akanaBpcbkoi poboTu € aHani3 3acTocyBaHHI0 hpakTanis B KOMM IOTEPHIl

rpadiui Ta CTBOPEHHS MPOrPaMHOro 3acTOCYHKY ANs AoChiAKeHHA dpakTanbHMx naHawadrTis. Ona
nerkoi B3aemogii 3 (opakTanomM peanisoaHo rpadiyHum iHTepdenc B AKOMy MOXHa AUHAMIYHO
npawtoBaTu 3 ppakTanbHUM naHawadTom.

[nsi cTBOpeHHs1 akTyanbHOi po3pobku Byno npoaHanizoBaHo OCHOBHI Npobnemu peanisauii

TaKuX 3aCTOCYHKIB, PO3IMsIHYTO iCHytoui aHanory Ta obpaHo niaxoxi 3acobu Ans po3pobku.

Mpw BMKOHaHHI po60TK Takox Byno 3AiICHEHO TeCTyBaHHS NporpaMHoi po3pobku Ta
npoaHani3oBaHi Noro peaynsrati Ans BUSBMEHHS MOXITMBUX HEJONIKIB CUCTEMM Ta LUAAXIB iX
nofonaHHs.

ABSTRACT

The purpose of this bachelor thesis is to analyze the use of fractals in computer graphics and
to create a software application for the study of fractal landscapes. For easy interaction with the
fractal, a graphical interface has been implemented in which you can dynamically work with the
fractal landscape.

To create an actual development, the main problems of implementing such applications were
analyzed, existing analogues were considered, and suitable development tools were selected.
In the course of the work, we also tested the software development and analyzed its results to
identify possible system shortcomings and ways to overcome them.

CKOPOYEHHA TA YMOBHI NMO3HAYEHHA

M3 TlMporpamHe 3abe3neyeHHs.

MM MaremaTtuyHMn MOHCTP.

OB PyHkuis Bereplutpacca.

RANGE [lianasoH.

DS Diamond-square algorithm — anropuTtm giamaHT-kBagpar.

LC List-Comperhension, cnoci6 ans cTBopeHHs cnuckis B python.
KB KapTa Benu4uH, BUCOT, MO3HAYEeHHs A5t 3MiHHOI square_terrain.
GUI TpadpivHum iHTepdenc kopucTyBaya.

OOl O6’ekTHO-OpiEHTOBaHE NPOrpamyBaHHsI.

IT IHdopMaUiiHi TexHonorii.

GIT PosnopgineHa cuctema kepyBaHHsi BepcisiMun caiinis.

GIL Global Interpreter Lock — rmo6anbHe 6nokyBaHHs iHTEpnpeTaTopy.
®J1 dpakTanbHuii NnaHawadT.

PYTHON MoBa nporpamyBaHHs.
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BCTYN

TepmiH chpaktan 6y BBegeHuit y 1975 poui dopaHuy3bkuMm MatemaTukom beHya

MaHngenb6poTom y oro kHusi “Fractals: Form, Chanse and Dimension”(nepeknageHa aHrmincobKko
moBoto y 1977 poui) [2].

dpakrtan(nar. Fractus — po3gpibnexuii, Apo6GoOBWIY) — B MOLIMPEHOMY PO3YMiHHI YacTo

o3Hayae fesiky HeperynsipHy, camonofibHy cTpykTypy. Ans GinbLll TOMHOrO BU3HAYEHHS bpakTany
noTpibHi rmMmboki 3HaHHS 3 KypciB anrebpu Ta MaTemaTU4YHOro aHanidy. ®pakranv 3assuyai
PO3yMitOTb Ik CAMOMOAIGHI MHOXMHMW, TOGTO MHOXMHM, LLIO CKINaaarTbes 3 NO4ibHNX YacTuH Ao Hel
camoi. Lle npocta reomeTpuyHa irypa siky 3a3suyaii BU3HavaTb, abo ManioTb, abo reHepyTb
3a 4ONOMOrOI0 PEKYPCUBHUX NpaBwur. PekypcrBHI NpaBuna 03HayaloThb L0 BOHW 3aCTOCOBYHOTHCS
pa3 3a pa3oMm, 40 SKoicb Mexi abo BXe [0 HEeCKIHYeHHOCTI. Pekypcisi Lie He 3aBxaun onTumarnbHO Ansi
nporpamyBaHHsi, ane npu poboTu 3 pakTanamu, Le HeEMUHyYe.

3 novatky Apyroi nonoBuHU XX CTONITTS, KOHLEenNUis dpakTanis nounHae

BMKopuctoByBatucs B IT.

MeTta poboTtu nonsirae B Tomy 106 03HanoOMUTUCL 3 Teopieto dopakTanis Ta po3podbuTn

3aCTOCYHOK ANs AOCMiMKEHHs hpakTanbHUX nanawadrTis.

[nsa nocarHeHHs MeTn HeobXxiaHo:

« MpoBecTy NiTepaTypHWin OrnsA no Lin TeMi 6akanaBpcbkoi poboTy.

* BuBUMTM nuTaHHs po3mipHoCTi pakTany.

* O3HaloMMUTUCE 3 anNropMTMaMm KOTpPi 3aCTOCOBYHOTb KOHLENLto chpakTanis.

* O3HaOMMUTUCh 3 AESKUMU 3aCTOCYHKaMM KOTPi 3aCTOCOBYHOTb KOHLEMLLit0

dpakTanis.

* Po3pobuTy BnacHUin 3acTOCYHOK i3 BUKOPUCTaHHSIM KOHLEeNUii chpakTanis.

PO3A4IN 1. TEOPETUYHA YACTUHA

1.1. IcTopia nosiBn ppakTanis

IcTopist hpakTaniB NPOCTEXYE LNAX Bif NEPEBAKHO TEOPETUHHUX AOCNISKEHD A0 CYHaCHUX

3aCToCyBaHb Y KOMM'IOTEPHIl rpadilli, NpuyYoMmy Kinbka BUAATHUX MOAe 3pobunu Ceiii BHECOK y

hpakTanbHi hopmu Ha LiboMy LWnsXy, a came: KaHTop, MeaHo, Neber, Maycaopd, CepniHcbkui,
MaHngenb6poT Ta iHLwWi. [MowmnpeHoto Temoto adprKaHCbKOT apXiTEKTYpU € BUKOPUCTaHHS

dpakTansHoro macwTaby. Lie npuBognTb Ao Toro, Lo mani YyacTuHu Byaisni BUrMsaaTb Tak camo,

SIK | BEMUKI YaCTWHW, HaNpWKnaz, Kpyrre ceno, WO CKNagaeTbes 3 Kpyrnux 6yauHKIB.

O6’ekTH, LLIO BUHMKAIOTb NPU CTBOPEHHI bpakTanis, BUBYanucst 3a4oBro 40 NosiBU CaMoro

TepMmiHy “dpaktan’. Taki eTHomaTemaTtukm, sk PoH Ernacc, B cBoii poboTi “AdprKaHChKi

dpakTanu’ JOKYMEHTYe TenepillHi NoLWMpeHi reoMeTpUYHi Mirypu, SKi BUHMKaKOTb i3 dhpakTansHol

nobyaosu B MicLueBoMy MucTeuTBi Ty6inbuUiB. Y 1525 poui Himeubkuit muteub Anbbept [opep
ony6nikyBaB cBoto npauto “KepiBHUUTBO XyaoXHUKa”, oguH i3 po3ainiB kol Mae Ha3By

“YepenunyHi wabnoHu, yTBopeHi MaTukyTHUKamu”. M'aTukyTHUK Jiopepa 6arato B YoMy CXOXMWN

Ha kunum CepniHCbKOro, ane 3 MATUKYTHUKaMK 3amiCTb YOTUPUKYTHUKIB(kBagparT). [xekcoH Monnok(amepukaHcbkuii ekcnpecioHict 50-x
POKIiB MMHYIIOrO CTONITTS) _MantoBaB 06'ekTu, CXoxi Ha Ti, 1|0 BiAOyBalOTbCA MPU_CTBOPEHHi dpakTanis.

3rigHo 3 MNikaBepom, MaTemaTka, Lo NEeXnTb B OCHOBI ppakTanis, novana ¢popmyBaTucs B

17 cToniTTi, kOonNu maTtemaTuk i cpinococp MoTdpia JNlenGHiL po3mipkoByBaB NPo peKypPCUBHY
camonofAibHicTb( xo4a BiH NPUNYCTUBCA NMOMWIKMW, BBaXaK04M WO TiNbKV Npsma NiHis €

camonogibHot B LiboMy ceHci) [1, 4].

JlenbHiy BUkopucTas TepMiH “OpoboBi ekcnoHeHTW”(fractional exponents), ane reometpis

LibOro TepMiHy e He 3Hana [1]. OircHo, 3rigHo 3 pPi3HUMK ICTOPUYHUMY NOBIAOMIEHHSAMM, MiCnsA

LIbOro Maro XTO 3 MaTemMaTuKiB 3aiMaBcs LMMU NUTaHHSIMK, @ poBoTK TUX, XTO Lie pobuBs,

3anvwanuncs B TiHi, B OCHOBHOMY Yepe3 onip TakuM He3HanoMUM HOBUM KOHLENUisiM, AKi

3'ABnanucs, iHoAj IX Ha3uBanu “mMaTemaTu4HUMU MoHCTpamu”. laeto “pekypcuBHOT

camonogibHocTi” 6yno BUcyHyTo dinocodom JleibHiuem, akuin_po3BuHYB Garato aeTanen uiel igei.

Bcboro yepes aga ctonitta, 18 nunHs 1872 poky, matematuk Kapn Beneplutpacc, 3HaHWI 5K
“BaTbko MaTeMaTUYHOro aHanisy”, Yepes CBili aKLEHT Ha CyBOPOCTi MaTeMaTuku, AiLLOB [0
BiOKpUTTS OYHKLT, ika nocTaBuna nig CyMHiB npawi BENVKMX MaTeMaTUKiB | KapanHanbHO 3MiHUna
npeacTaBieHHst MaTeMaTuKiB MPO MaTemMaTUYHUn aHani3. Y Mpyccbkii KoponiBebkivi akagemii Hayk,
Bewieputpacc onncas MM, wwokytody Ans BCix dyHKLiO, sika cynepednTb 3aranbHOBU3HAHUM
TeopemaMm, Ta NpeAcTaBuB Neplie BU3HaYeHHA (pyHKLUii 3 rpacikom, sikui _cboroaHi Beaxascs 6




andepeHuiioBaHoto B xoaHin Touui (Puc. 1.1). BiH Buknagas 6arato npegmeTis i 6arato CTyAeHTIB
OTpVManu KOpucTb Bif noro BuknagaHHsa [11].

f(x) = ¥ an cos(bnftx)

0

n=0
List dpyHKLiS Le HECKIHYEHHWI Psi CYMU KOCKHYCIB.

Pwuc. 1.1. Bigyanisauia dyHkuii Beneptpacca [26]

Matematukam Toro 4Yacy 6yno TSHKKO Lie YSIBUTW, BOHA nlamarna nopsigok i Taki dyHkuii He

XOTiNW nomivaTti, BAaBanw LLO Lie NPOCTO sikeCb HEMOTPIOHE BiAXMNEHHS sIKe TiNbKWU NCye
MaTeMaTUYHUIA aHani3 3amicTb AofaBaHHS Yoroch kopucHoro. Lle Byna dyHKLUis sika He3po3yMmino sk
BUIMsSiAae, TMM nave B Ton Yac Byno HemoxnmBeo i HamanBaTy.

Yum Binblue godaHkiB TUM Binblue XBuUnb, KON AoAaHKiB HECKIHYeHHO BaraTo KonvMBaHb Ta

pi3knx 3MiH BiAOyBa€eTbCs Le Binblue, B KOXHiN Touui ®B pi3ko 3MiHIOE CBill HANPSIMOK Ha
NPOTUINEXHWI, 3MiHIOE HAMPSIMOK 3POCTaHHSA UM NafiHHS, TOMY B XKOAHIN TouLi He MOXHa
nopaxyBsaTy NoXiZHy.

®B cynepeunna 3aranbHOBU3HAHUM pe3ynbTaTtam, Hanpuknag Teopemi Amnepa npo Te, Wwo

KOXHa HenepepBHa yHKList Mae ByTv AndepeHuiioBaHa, xoda BoHa byna fokasaHa YicTo
aHaniTMYHMM MEeTOAO0M, | MO CbOTOAHILLHIM MipKkaM 3a AOBEAEHHS MOro He NpuiHsanu 6. | ctune
nokasy Benepwtpacca 6yB HeBigjomum Ans 6aratbox. ®B namana ysBrneHHs Npo cyTb
MaTeMaTUYHOro aHanisy, BOHa cyrnepeynna reoMeTpUYHIl iHTYiLiT, konu dyHKuii 6ynn aHanoramu
SIKMXOCb SBULL, B peanbHoMmy cBiTi. Ane ®B Hivoro Takoro He onuncysana, NpocTo CTpallHa, CKrnagHa,
MapHa yHKLUisi, sika BigipBaHa Bif peanbHOCTI, ik TOAI 30aBanock, ane 3roqoM BUSIBUNOCH WO Lie
30BCiM He Tak.

Bcboro yepes 30 pokiB nicns ny6nikauii, Bce noynHae kapamHanbHo 3miHioaTucs, MM

MOYMHAIOTb BNEBHEHO 3ax0nntoBaTh HaykoBuii ceiT. PB gana nowTosx Ans Teopii dpakTtanis. MNicns
HbOro Bce GinbLue i HinbLie matemaTukiB ctanu pobutn ceoi MM, nogibHi go ®B.

BoHa nepeBepHyna nornsg nogcTea Ha 38’130k MaTemMaTuku Ta pearnbHoro CBiTy Ta 3pobuna

BENVIKNIA BHECOK Y MaTemaTukKy, AONoMOorna CTBOPUTU HOBI PO34inu, NpakTUYHi Ta NpyKNaaHi.

Hespossi nicnsa uboro, y 1883 poui, Teopr_KaHTop, dkuii BiaBiayBaB nekuii Benepltpacca, onybnikyBaB npuknaam nigAMHOXWH AiACHOT
npsiMoi, BigoMoi Sk MHOXMHK KaHTopa (Puc. 1.2), ski

Manu He3BUYHI BAaCTUBOCTI i Tenep BM3HaHi opakTanamu. 3a [onoMOrok npocTol _pPeKypCUBHOT
_npoLenypu nepeTBOpMUB NiHito B _Habip_He3B'a3aHux To4ok( Mun KaHtopa abo npsama KaHTtopa). BiH 6paB niHito i BuAansaB LeHTpanbHy

TPEeTUHY i nicnA _LbOro_NoBTOPSAB Te X camMe 3  Bigpiskamu ki
3anuwmnucs [6].

Pwuc. 1.2. MHoxuHa KaHTopa
MNeaHo HamantoBaB oco6nueui Bua Nidii (Puc. 1.3). Ansa i manoBaHHA [leaHo BukopucTas

HacTynHuyi anroputm. Ha nepluomy Kpoui npsima niHist 3aMiHAeTbCA Ha 9 Bigpi3kiB AOBKUHOK B 3 _pa3v_MeHLUe, HiX AOBXUHA BUXiAHOT
ninil. _[ani_pobutbcs Te  came 3 KOXHUM _Bifpi3KoM_MiHil, o
BuAWNa. | Tak A0 HecKiHYeHHOCTI. Ii yHiKanbHICTb B TOMY, L0 BOHa 3aN0OBHIOE BCIO NAOWMHY, TOBTO

il PO3MIpHICTb AOPIBHIOE 2 (MPO PO3MIPHICTL Aani B okpeMoMy po3aini). [lokazaHo, Wo AnA KOXKHOI TOYKM Ha NIOLWMHI MOXHA 3HaUTU _TOYKY,
fAKka HanexwTb fiHii [leaHo.

Puc. 1.3. Kpugea NeaHo
KpuBa lNMeaHo i_nopox KaHTopa BUXOAUNY 3a pamMK1 3BU4aNHUX [€OMETPUYHMX OB EKTIB.

cknaaaBcs i3 ToYOK, a kpuea [leaHo _ByayBanacb Ha niacTtasi ogHOMIpHOI NiHil, a B _pesynwrari
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BMXoAMNa_nnowmHa. B 6aratbox iHwmx obnactax Hayku 3' SBnanuch 3aaadi, PilleHHA SKuxX
OpUXOANNO [0 AMBHUX pe3yrnbTaTiB, Ha KWTanT 6poyHiBCbKOro pyxy, LiHK Ha akuii [6].

OpHa 3 HacTynHux Bix HacTana B 'y 1904 poui konu weeAcbka matemaTnyka enbre doH Kox,
po3ssuBatoun igei MyaHkepe i He3agoBoNeHa HaaTo abCTpakTHO-aHaNITUYHUM BU3HAYEHHSM

BenepLuTpacca, po3pobuna 6inbLu reoMeTpuyHe BU3HaYeHHS NOAIGHOT OyHKLT, BKIOYaum
HamanboBaHi Bif pyku 306paxkeHHs1 pyHKLii, sika Tenep Ha3nBaeTbes “CHikuHka Kox” (Puc. 1.5),
sika BrnacTmBicTb camonogibHocTi. Lisi dpirypa mae ckiHuyeHHy nnoLy obmexeHy HeckiH4eHHO
OKpPYXHiCTI0. € ABa BapiaHTV CHixUHKM Kox. MepLua - KprBa MnoLMHW, OTpYMaHa, Komnm



iHiuiaTopom € kBagpar i reHeparop € Puc. 1.4:

a)reHepaTtop kBagpaTt ©6)reHepaTop TPUKYTHUK
Puc. 1.4. leHepaTtop Ans cHikuHkm Kox [1]

a)kBagpat  6)TpUKYTHUK

Puc. 1.5. CHixxnHka Kox nobyaoBaHa i3 reHepaTtopom [1]

LLle ogHa Bixa HacTana 4Yepes AecsATb pokie, B 1915 poui, konu nonbcbkuini Matematuk Baunas
CepniHcbkuii NobyayBaB CBiii 3HaMeHUTUI TPUKYTHUK (Puc. 1.6) - KprBa BCi TOUKM SIKOT € TOUKaMu
BiAranymxeHHsl, a noTiM, pokoM MisHile — cBirt kunum (Puc. 1.7), no Tii xe camin meToguui.
Hacnpasgi, 1oro TpUKyTHUK MOXHa e nobayunTn B cepefHbOBIYHUX 3aMKax UM LiepkBax sk rapHuUi
Mo3aiyHWI BidepyHOK. Cxema Ans TPUKyTHUKa Taka, BCe MOYNHAETLCS 3 PIBHOCTOPOHHBLOIO
3aMoOBHEHOIO TPUKYTHMKA, Yepe3 BEPLUMHU SIKi 3HAXOAATLCS Ha cepenHax Moro Biapiskis,
BUPI3aeTbCsA TPUKYTHUK, 3anNuLLIATLCA TPY 3aMOBHEHI TPUKYTHUKM ANS SKUX BUKOHYETHCS LISt XK
npoueaypa [13]. Takox MoXHa AoMarnboByBaTU 3aMicTb Toro Wwob BupisaTu. LLle € gocuTh UikaBumin
€noci6, 30BCiM HEIHTYITUBHWIA KOTpU Mae Ha3By “pa xaocy”. ManiolTbCsA TOUKU BEPLUNH
TPWKYTHMKA, CTaBUTbCS TOYKa B 06nacTi TpMKyTHUKA, Aani BUBMPAETLCA OfHa i3 TPbOX BEPLUVH, i
ManeTbCA HOBa TOYKa Ha cepeauHi BiACTaHi Mix TUMK ABoMa, Aani 3 Liei TO4kM BUBUpaeTbCs 3HOBY
noba BepLUMHa TPUKYTHMKA | BUKOHYETBCS LSt Lit0 X onepauisi. MpopobusLum i focuTb pasis,
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6nm3bko 1000, BUManoeTbCA 3HaoMuii KOHTYp. Lli npaBuna moxHa 3agatu 3a JONOMOro MaTpuLb
[19].

Puc. 1.6. TpukyTHMK CepniHcbkoro

Puc. 1.7. Kunum CepniHcbkoro

o 1918 poky aBa paHuy3bki matemaTuku, IMep ®aty i MactoH XKionia, xod i npavoBanu

HesanexHo, ane, no CyTi, OAHOYACHO OTPUMAanK pesynsTaTy, Lo ONUCYIOTb Te, Lo 3apas

po3rnsaaaeTbest ik ppakTan 3 BifobpaxeHHAM KOMMNEKCHUX YUCen Ta iTepaTuBHUX YHKLIN, Lo

npu13Beno 4o nodanbLuMx igev Npo atpakTopu i penenepu (TobTo TOYKM, siki NPUTArYI0Tb abo BiALITOBXYHOTh iHLWI TOYKKM), sIKi cTanu gyxe _
BaXXNVMBMMM Yy BUBYEHHI dhpakTanis.

Hespogsi nicns uiei poboTn, no 6epesns 1918 poky, denikc_aycaopd posluvipns BU3HA4YeHHsT “PO3MIPHOCTI”, LLO Mano Benvke 3Ha4eHHs
[Onsi eBonoLii BU3Ha4YeHHs1 opakTanis,

[03BOMMBLUM MHOXMHAM MaTuW Hewini po3mipHocTi. |aes camonoaibHux kpusmx Byna gani

po3BunHeHa Monem-M’epom JleBi, siknin onncae HOBY dopakTanbHy KpUBY Y CBOi KHU3i 1938 poky
“MnoLwuHHI Ta NPOCTOPOBI KPMBI Ta NOBEPXHI, SKi CKNaaatTbes i3 YaCTUH, CXoxux Ha uine” ( Plane

or Space Curves and Surfaces Consisting of Parts Similar to the Whole), ony6nikoBaHii uboro x
poky. BoHa cTana Bigomoto sik kpusa J1eBi - TpUKyTHUI chpakTan 3 piBHOMiIpHUM LEHTPOM Mac.

Pi3Hi _gocnigHvky _npunyckawTb, Lo 6e3 4oNoOMOoru _Cy4acHoi KoMn'loTepHOoI rpachiku _nepui

_AOCMiAHVKM Bynyu o6GMexXeHi TUM, Lo BOHU Morny_306pa3snTv Ha pPyYHUX MartoHKax, Tomy iM He
BMCTa4ano 3acobis, o6 BidyanidyBaTu Kpacy i OUiHUTV Aesiki Hacniakv 6araTbox BiAKPUTUX HAMK
3aKOHOMIpHOCTeN (Hanpwvknag, MHOXMHY XKiornia MoxHa Byro BidyanisyBaTu nuile 3a 4ONOMOrow
Aekinbkox itepauin) [1].

Ax fo 20 cTonitTa_BiAGyBanocb HakoMUYEHHS AaHUX Npo Taki AuBHI_06'ektun, 6e3 Gyap kol
_cnpobu ix cucremaTtusyBaTtu. Tak 6yno, Noku 3a HUX He B3siBcsl beHya MaHaenb6poT — _6aTtbko
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cy4acHoi ¢hpakTanbHoi reomeTpii _i_TepmiHy_chpaktan. Mpautotoun B IBM maTemaTuyHum aHaniTukom, BiH BUBYaB LUYMU B
erIeKTPOHHMUX CXemax, AKi HeMOXUBO Byrno onucaTh 3a [OMOMOrol CTaTUCTUKK. [TocTynoBo cniBcTaBMBLLM (haKTW, BiH BiOKPUB HOBUI
HanpsiMOK B _MaTtemartuuli —

_Cam Manpgens6pot BuBiB_TepmiH fractal Bia natuHcbkoro cnosa fractus, Wo o3Ha4yae po3ouTui, NoAiNeHUn Ha YacTUHU. | oaHe 3
O3HayeHb chpakTana — Lie reomeTpuyHa dirypa, ska

CKNnadaeTbCs i3 YacTuH i AKa Moxke GyTU noAineHa Ha YacTUHMU, KOXHa 3 AKX Oyae npeacTaBNATH

3MeHLUEeHy Konito Linoro(npMHamMMHi NpuGnnsHo).

Y 1975 poui MaHgenb6poT, Ha OCHOBI LMX BCix pobiT, BuBiB_TepmiH ‘ fractal’ Big natuHcbkoro cnoea fractus, wo o3Havyae po3ouTum,
noaineHun Ha YyacTuHU. | ogHe 3 03Ha4YeHb

npeacTaBnATU 3MEHLLEHY Konito uinoro(npMHaiMHi NpMGnunsHo).

Manpenb6poT BBiB TepMiH ‘fractal’, po3mipHicTb Maycaopda skvx nepeBuLLye iX TONONOriYHy

PO3MipHICTb. BiH NOACHNB MaTemaTuyHe BU3HAYEHHS 32 JOMOMOIOK 3aXOMKUYMX KOMM'HOTEPHUX

Bidyanidauin. Lli Bisyani3auii, 3acHoBaHi Ha peKypcii, Lo Cnpusano NoLwmMpeHoMy po3yMiHHIO MOHATTS

“tbpakTan”.

Y 1980 poui JlopeH KapneHnTtep Buctynus 3 gonosigato SIGGRAPH, ne npenctasus cBoe



nporpamHe 3abe3neveHHs Ans reHepauii Ta Bidyanisauii dpakrtanbHUx naHawadTis.

Ak Tinbkn MaHaenb6poT BigKPMB KOHLUENLi0 dpakTanis, BUSBUIOCS, O CBIT BykBanbHO
oTouYeHUI HUMK. ®pakTanbHi MeTanesi 6pycku i ripcbki NOPoAW, Bi3epyHOK NUCTS, kaninspHa
cucTema pocnuvH, paktanbHa CTPyKTypa rinok. KpoBoHocHa, nimdaruyHa, Heposa cMCTeMN B
opraHiamMax TBapuH, XMapHi NOBepXHi, dpakTanbHi piykosi 6aceitHu, ripcbkuit penbed, okeaHchbkKi
y36epexoksl i Tak gani.

1.2. TeomeTpia npupoan

KnacuyHa matematyika csirae CBOIM KOPIHHAM Y perynsapHi reoMeTpuyHi cTpykTypu EBkniga

Ta HenepepBHOI AnHaMikM HbtoTOHa, LLIO NOCTIiNHO po3BuBaeTbCs. CyyacHa MatemaTvka noyanacs 3
Teopii MHOXWH KaHTopa Ta KpuBOi 3anoBHEHHS MpocTopy lMeaHo. IcTopnyHo, peBontoLiio B
mMaTtemaTuLi CNPUYNHWUIO BIAKPUTTA MaTeMaTUYHUX CTPYKTYP, SKi HEe BNUCYBanucsa B Moaeni
EBkniga i HetoToHa. Lli HOBI CTPYKTypu po3rnsaaanucs, Sk “natonorivhi’, sk ‘ranepes MOHCTpIB”,
Marematukn, ski ctBopyunu uux MM, BBaxanu ix BaXnMBUMn Anst EMOHCTpaLii Toro, Wwo CBiT
YUCTOI MaTeMaTUKM MiCTUTb GaraTCTBO MOXIMBOCTEN, L0 BUXOAATb Aaneko 3a MeXi MpocTmx
CTPYKTYP, Siki BOHW Gauunu B npupoai. Matematuka ABaaLUATOro CTONITTA PO3KBiTNa B NEpPeKoOHaHHi,
LLIO BOHa MOBHICTIO nogonana obMexXeHHs, HaknageHi il NPUPOAHMM NOXOMKEeHHAM [1].
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Tenep, sk 3a3Havae Manzens6poT, Npupoaa sirpana xapT 3 MatemMatukamu. Marematukam

19-ro cToniTTA, MOXNMBO, GpakyBano yssu, ane Mpupogi - Hi. Ti ) cami NaToNoriyHi CTPYKTYpU, AKi
mMaTemaTuK1 BUHaNLWnK, Wwob BupBaTucs 3 HaTypaniamy 19-ro cToniTTs, BUSBNAETLCH NpUTaMaHHi
3HanommMm ob'ekTaM HaBkono Hac. BiH niaTBepane cnoctepexeHHs brnesa MNackansi npo Te, WO ysiBa
BTOMJIHETLCA Nepes NPUPOLOHo.

TUM He MeHLW, bpakTanbHa reoMeTpis He € NpsaMKM “gogaTtkoM” matemaTukm 20-ro CToniTTS.

Lle HoBa ranysb, LU0 3ani3HO Hapogmnacs 3 KpM3nm MaTemMaTuku, ska posnovanacs, konu fobya
Penmona y 1875 poui BnepLue noBigoMvBe Npo HenepepBHy HeandepeHLinoBaHy dyHKLito,
nobynosaHy BewepLlutpaccom. Kpusa TpuBana npubnusHo go 1925 poky, ronoBH1MM GinioBUMU
ocobamu 6ynu KanTop, MeaHo, Neber Ta MNaycaopd. Lli iveHa, a Takox imeHa Becikosnya, BonbuaHo,
Yesapo, Kox, Ocryaa, CepniHCbkoro Ta YpucoHa, 3a3Buyai He 3yCTpidaloTbCsi B eMMipUYHOMY
BMBYEHHI Npupoau, ane Ha aymky Mangens6poTa, BnnvB pobiT Lux riraHTiB A4aneko BUXOAUTb 3a
pamku nepenbdadyBaHoro obesry [1].

“MoBa MaTemaTuku BUSIBMSETLCA 6e3niacTaBHO e(PEKTUBHOK B MPUPOAHUYMNX HAyKaX,

Yy[0BUIA Aap, SIKOrO MM He po3yMiemo i He 3acnyrosyemo.” (BirHep, 1960) [1].

“Xmapu He € cchepamu, ropm He € KOHycamu, bepern He € konamm, a Kopa He € rmagkolo, i GrnmckaBka He pyXaeTbCA N0 NPSAMIN RiHiT”
(Manpenb6pot 1983) [1].

1.3. Bugn cpakranis

B3aranom cpakrtanom MoxHa Ha3BaTu NpeaMeT SiKUiA BOSOAIE OOHUM i3 3a3Ha4YeHUX

BNacTUBOCTEN:

* Mae cknafiHy CTpyKTypy sika Mae camonofiGHiCTb Ha Bcix MacwTtabax. Lie Te, Wwo BigpisHse

MacwTabi, To BiH Oyne Burngaatv ak_dparmeHt npsamoi. [na_dpaktany, 36inblieHHs MmacluTaby He Bee A0 CMPOLEHHSA CTPYKTYpH,
BCi

maclTabu 6yayTb nokasyBaTh OAHAKOBO CKNagHy KapTuHy. * € camonofioHum abo_HabnukeHo camonofibHum.
* Bonopie_apo6oBoo METPUYHOK PO3MIRHICTHO.

Po3pisHsitoTb 5 TuniB camonogibHocTi hpakTaniB(Tpu nepLumx 3 AKMx OCHOBHI) [25]:

* ToyHa camonofibHICTb — HANCUMbHILWKIA TUN camonodibHocTi. PpakTany BUrMsaaTb
O[JHaKOBO MNpW Pi3HUX 3BiNbLLUEHHSIX, HaNpWKnag CHixuHka Kox. ®pakTanm cTBopeHi 3a
[OMNOMOTOH0 iTepauiiHnX PyHKLiN, YacTO EMOHCTPYHOTb TOYHY CamonoaibHICTb.
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« KBasi(quasi) camonogibHicTb — cnabka dhopma camonogibHocTen, Habnuxae Ton camuin
naTepH y pisHux macwutabax. Moxe MiCTUTV Mani konii BCboro ppaktany y CnoTBOPeHuX i
BMpOAKeHUx doopmax. Hanpuknag, catenitn MHoXuHn MaHgenbsbopTa € HabnmxeHumm
BEPCiAMMN BCIET MHOXMHW, ane He il TO4HUMUM Koniamu. PpakTanu CTBOPEHi 3a ONOMOro
PEKYPEHTHYMX CMiBBiAHOLLIEHb, 3a3BMYal NPUBMU3HO(xo4a i He 30BCiM) CaMOMOAIGHUMMU.

» CTaTucTnyHa camonopgibHicTb — Le Harcnablwa dpopma camonogibHocTi. MNoBToptoe wabnoH
CTOXaCTUYHO, TaK LLO Y1CMOoBi abo CTaTUCTMYHI Mipy 36epiratoTbCs B pisHUX MacluTabax.
Hanpuknag, BunagkoBo 3reHepoBaHi hpakTanu sik Bxe Aobpe BigoMuii npuknag niHii
y36epexokst bputaHii, Ans sikoi He MoxHa Byno 6 ovikyBaTh 3HANTU CErMEHT,
MacluTaboBaHWUii i NOBTOPIOBaHMWI Tak caMo aKypaTHO, ik MOBTOPOBaHa OAMHULSA, WO
BM3Havae dpakTanu, Taki sik CHixxuHka Kox. CToxacTuyHuin copaktan € npuknagom dpakrany,
AKUIA € CTaTUCTUYHMUM (DpaKTanoM, ane He € OAHaKoBMM abo AyXe CXOXUM

* AlkicHa camonopibHicTb: AK y YacoBOMY psifi



* MynbTudpakTansHe MaclutabyBaHHS: XapakTepusyeTbes BinbLu HixX OgHUM dpakTanbHUM
BMMipom abo npaBunom MacltabyBaHHS

B ocHoBHOMY chpakTanu knacudikytoTb 3a TpboMa BUAAMMU:

* AnrebpaiyHi dpaktanu.

« FfeoMeTpuyHi hpaktanu.

» CToxacTuyHi ppaktanu.

1.3.1. Anre6paiyHi ppakranu AnrebpaiyHi_ dipaktanu — ue HanbinbLwa rpyna cpakraniB, Ha3BaHWX 3a iX BAKOPUCTAHHS B
anre6paiunux hopmynax, MeToaax. ix Takox 4acTo BUKOPUCTOBYHOTL A (opaKTarnbHOO XUBOMMCY.

OpHumM i3 cnocobiB oTprMaHHs anrebpaiuHux pakTanis € 6aratopasoBe (pekypcuBHE)
obuncneHHs dyHkuUii zn+1 = f(zn), fe z — koMmnnekcHe ynucno, a f — geska dyyHKLUiA. Po3paxyHok

eKpaHi 3'ABUTbCs Kparnka.

Bepetbca gesika noyatkoBa Toyka z0 Ha KOMMNEKCHIN NnowwmHi. [lani yTBOpIooThL

HenepepBHy NOCMIAOBHICTb YMCen Ha KOMNIIEKCHIM NMOLMHI, KOXXHe HacTynHe i3 SIKUX BUXOAUTb i3
_nonepepaHboro: 20, z1 = f(z0), z2 = f(z1),..., zn+1 = f(zn).

B TOI e Yac dyHKLii B pi3HNUX TOYKaX KOMMNEKCHOT NIOLMHN MOXYTb NOBOAUTUCS MNO-

pi3HOMy i Moba Touka z KOMMNIEKCHOI NAOWMHN Mae CBil xapakTep noBefiHku npw itepauisax cyHkuii f( zn), BoHa Moxe npsimyBati Ao _
HECKIHYEHHOCTI,_ CXOAUTUCb 10 SIKOICb KiHLEeBOI _TOYKU,

14

_LMKNIYHO NpuiMaTy pAf ikcoBaHUX 3Ha4YeHb, TOMY BCA_NAOWMHA AiNUTbCa Ha YacTuHU. Mpu LboMy ToYkY, AKi nexatb Ha_Kpato

LMX YaCTUH, BONOAilOTb TAKO BNACTMUBICTIO: Mpu sIK 3aBroAHO Marnomy 3MilleHHi, xapakTep iX noBeAiHKN _Pi3Ko_MIHAETbCA( Taki TOUKN

dyHKuUii f(zn).

Puc. 1.8. MHoxuHa XKionia [10]

TakuM YMHOM YTBOPIETLCS | MHOXMHA MaHaenbbpoTa - dopakTan, BU3HaYeHU SK MHOXMHA

TouYok C Ha KOMMMEKCHI NMNOLLMHI, 3acTocoBaHi Ao dyHKUii zn+1 = zn + C, npu z1 = 0. Lis mogenb
cTana Knacu4Holo, NpeacTasnaoyn coboto Knacu4HWUM Npuknaz camoro dpakrany, i Yacto
BMKOPUCTOBYETLCA ANS AeMOHCTpaLiil Kpacu dpakTanis, 3anyyYeHHs Xy4OXHWKIB AN dpakTansHoro
XKMBOMNWCY, AOCMIAHUKIB, | NPOCTO 3aLikaBleHnxX nogen.

1.3.2. TeomeTpunyHi hpakTanu

Lli ppakTanu HaHaouHiLLi, TOMY LLO B HUX 0Apa3y BUAHO CaMOMOAIGHICTb. Y ABOBUMIPHOMY

BUMNaaKy Taki dpaktany byayTbca noeTanHo, Ha OCHOBI BUXIAHOI dpirypu (niHii 6araTokyTHUKa Yn
GaratorpaHHuka), WsSXoMm ii ApibrneHHst i BAKOHAHHSI Pi3HOMaHITHUX NepeTBOPEHb OTPUMaHMX
dparmeHTiB. Ha kOXXHOMY HacTynHoOMy eTani, YacTMHU BXe NobyaoBaHoi dirypu, KoTpi aHanorivHi
hparMeHTy kvl NEPETBOPUNY, 3HOBY 3aMiHSETLCSA Ha (PparMeHT, NepEeTBOPUBLLM OTO TakUM Xe
YnHOM. Beinsikuii pa3 maclitab smeHlwyeTbes. Konu 3amiHu cTtaloTh _BidyanbHO_He3aMiTHUMMU,
paxyloTb,_LLl0 nobyaoBaHa _cirypa_pobpe npubnwkeHa o chpaktany i Aae npeacTtaBneHHsi TOro sk
BOHa Burnagae. LLlob otpumatn cam dpaktan noTpibHO HeckiHYeHHe Ymcno iTepauin. MiHaoun

OCHOBY | )parMeHT, MOXHa OTpMMaTK 6araTo Pi3HUX reoMeTPUYHUX hpakTaniB.

FeomeTpuyHi hpakTanu XopoLli TUM, LLIO 3 OAHOI CTOPOHM € MPEAMETOM AOCTaTHLO

CepWo3HOro HayKOBOTO AOCHIKEHS, @ 3 iHLOT CTOPOHM, iX MOXHa “nobavnTn’ — HaBiTb NoAMHA,
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[aneka Big MatemaTvku, 3Hainae B HUX LWock Ans cebe. Take noefHaHHs_piakicHe B cy4vacHin matematuui, ge Bci_06'ekTn 3aaaloTbes 3a
[0MNOMOroK_He3po3yMinux cnie i cumeonie. BusBnsetbcs,

6araTo reoMeTpuYHMX hpakTanis MoxxHa HamanoBaTti BykBanbHO Ha nanepi B KNiTUHKY. Biopasy
npuMmiTKa, BCi oAep>KyBaHi 306paxeHHst (3okpemMa 1 Ti, Lo HaBeAeHi TyT) € nuLle KiHLEeBUMM
HabnNMXeHHAMMN HECKIHYEHHWX 3a CBOELD CYTTIO (hpakTanis. Ane 3aBXau MOXHa HamantoBatn Take
HabnxeHHs, WO OKO He Byae po3pi3HATK 30BCiM ApiOHI AeTani | Halwa ysiBa 3MoXe CTBOPUTH BipHY
KapTuHy dpakTany. Hanpuknag, matoun 4OCUTb BENWKUIA apKyLL nanepy i 3anac BifbHOro 4acy,

MOXHa BpyYHY HamarnoBaTh Take TouHe HabrnkeHHs o kunuma CepriiHcbKoro, Lo 3 BigcTaHi B
Kinbka MeTpiB Heo36pOEHe OKO CnpuiMaTMMe Moro sik cnpasXHin dpakTan. Komn'totep gacts 3mory
3aoLwaanT Yac i nanip i npy upomy e 36iNbLNTb TOYHICTb NOBYA0BY.

1.3.3. CToxacTnyHi opakTanu Ta CToxacTU4HUIA aHani3

|HWK1M BigoMuM Knacom dpakTaniB € croxacTuyHi cppakTanu. BoHu CTBOpPIOIOTLCA, KONK

OAVH i3 napameTpiB BUNaAKOBMM YMHOM 3MIHIOETLCS B iTepauinHomy npoueci. Mpu upomy ix

HanbinbLLe BUKOPUCTOBYIOTb ANs yTBOPEHHSI 00 €KTiB, AKi Ayke CXOXi Ha NPUPOAHI, Taki sk

acumeTpuYHi AepeBa, nopisaHi 6eperosi niHii i T.4. [1BOBUMipHi cTOXacTU4Hi hpakTanu fayxe 4acTo BUKOPUCTOBYIOTbCA AN




NoBepXHSA Mopsi, NaHAwadTy, MOBEPXHi ropu, TOLLO.

CTroxacTuyHi copaktanu - Le knac dpakranis, siki NOegHy0Tb B COBi CTOXacTWYHI (BUNaakoBi)
enemMeHTu Ta pakTanbHy CTPYKTypy. BOHM BUKOPUCTOBYIOTLCS ANst MOAEMIOBAHHSA CKNAgHNX
cucTeM, ki BKIOYaTb HEperynspHiCTb Ta HenepeabadyBaHicTb. OavH 3 HaWBIOMILLMX NpUKnaais

cToXacTn4Horo cppaktana - ue “po3butuii cknsHun® opaktan abo dpakranbHui Gpicton. Lien
pakTan Bigobpaxae po3buTe ckro, Ae KOKXEeH NoApiOHEHWUI LLIMaTOYOK TaKoX Mae ckrnagHy po3ouTy
CTPYKTYPY, CXOXY Ha noyaTkoBuii dppaktan. CToxacTuyHi pakTanu Takox BUKOPUCTOBYIOTLCS B
(hiHAHCOBWX PUHKaX A1 MOAENIOBaHHS LHOBUX KOMNMBaHb Ta NPOrHO3yBaHHS pu3wkiB. Hanpuknag,
mogenb MeomeTpuyHoro bpoyHiBcbkoro Pyxy (Geometric Brownian Motion) BukopuctoByeTbest Ans
MOZerntoBaHHS LiH akuiil Ta hiHaHCOBUX IHCTPYMEHTIB, [ie LiHa 3MIHIOETLCS CTOXaCTUYHO 3 YacoM.
MpupoaHi 06'ekTM YacTo matoThb (hpakTanbHy cdopmy. [ina ix MoaentoBaHHA MOXYThb
3acTOCOBYBaTUCA CTOXacTUYHI (BunapkoBi) hpakranu.

CToxacTuyHuUiA aHani3 BiAHOCUTLCA [0 rany3i MaTeMaTukv Ta CTaTUCTUKK, sika BUBYAE

BMNaAKOBI MpoLecy i cToxacTuyHi Mogeni. BiH BUKOPUCTOBYETbCS ANst aHani3y Ta NPOrHo3yBaHHs!
HeBM3HAYeHOCTi Ta BUNaAKOBOCTI Y Pi3HUX cuctemax Ta ssuiax. CToxacTUYHWIA aHanis Mae Wupoki
3aCTOCYBaHHS B Pi3HUX ranyssx, BKIYarum diHaHcK, eKoOHOMIKY, di3uky, iHxeHepito, Gionorito Ta
iHLWI Hayku. [lesiki KOHKPETHI MpUKNaan 3aCTOCyBaHHS CTOXaCTUYHOIO aHanidy BKMOYaoThb:
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» OiHaHcoBMIt aHani3: CToxacTUYHI Modeni BUKOPUCTOBYIOTLCS AN MOAENOBaHHS LIHOBKX
pyxiB Ha iHAHCOBWX PUHKaX, MPOrHO3yBaHHA PU3MKIB Ta OLiHKM nopTdenis.

« Teopisi yepr: CTOXaCcTU4Hi MpoLIeC BUKOPUCTOBYHOTLCS Af1si aHanidy NponyCckHOT 34aTHOCTI
CMCTEM MacoBOro 06CnyroByBaHHs, YaciB OYiKyBaHHS Ta ONTUMI3aLii po3noAiny pecypcis.

* MopgentoBaHHsi BUNaakoBux sBuLL: CToxacTWYHi MoZeni 403BONSATL BUBYATU Ta
NporHo3yBaT BUNaAKOBI SBULLA, Taki Sk noroga, KniMaTuyHi 3MiHu Ta noLmMpeHHs XBopoo.
 Teopisi kepyBaHHsi: CTOXaCTUYHI MPoOLEeCH BUKOPUCTOBYHOTLCS AJ1st aHanidy Ta onTumisauii
CUCTEM KepyBaHHS Ta NPUAHATTS pPilleHb Y HEBU3HAYEHNX YMOBAX.

* MonekynsipHa AvHamika: CToXaCTUYHI METOAN BUKOPUCTOBYIOTLCS AN MOAENIOBAHHS pyXy
Ta B3aeMOii Monekyn y xiMiyHux Ta GionoriyHux cuctemax.

1.4. PpakTanbHa po3mipHICTb

[loci BUKOPUCTOBYBANMCH MOHATTSA “PO3MIPHOCTI” Y ABOX 3HAYEHHAX:

« Tpu BuMipu eBknigoBoro npoctopy (D=1,2,3). Touka sk 06’ekT po3amipHocTi 0, niHist sk

06’eKT po3MipHOCTI 1, NMOLWMHY PO3MIPHOCTI 2, chirypu 3i cTepeoMeTpii po3MipHOCTi 3.

« KinbKicTb 3MiHHMX Y AVHAMIYHI CUCTEMI.

dpakTanu, ski € HeperynspHUMY reoMeTpudHUMK 06'ekTamu, BUMaratTb TPETLOTO

3HaYeHHs — opakTanbHa PO3MIPHICTb.

PdpakTanbHa po3MipHICTb — Lie MOHATTS dopakTanbHOI reoMeTpii Ta MoKasHuK, SKUA BUMIPIOE
cknagHicTb abo AeTanisoBaHiCTb reOMEeTPUYHOI CTPYKTYpu dopakTana. Lien nokasHuk moxe 6yTtu
BUKOPUCTaHWI Ans onucy dpakTanis, siki MaloTb Hewini abo HeniHiliHi po3mipHocTi. Lie BennunHa
sika Mokasye CTyniHb 3anoBHEHHs1 dopakTany no mipi Noro macluTabyBaHHsI.

MaHaenb6poT noyas cBill TpakTaT 3 opakTanbHOi reoMeTpii 3 po3rnsay nuTaHHs: “Akoi
OOBXMHYM y36epexokst Bputanii?” [3]. beperosa niHis HepiBHa, TOMy BUMIpIOBaHHS 3a JONOMOroK
NpAMOI NiHIAKK, Ik Ha HACTYNHOMY MartoHKy, Aae NpubnmaHy ouiHky. MpubnuaHa goexwHa, L,
[OOPIBHIOE AOBXMHI MiHIVKK, S, NOMHOXeHi Ha N - KinbKiCTb Takux NiHinok, HeobxiaHWx ans
noKpuTTS BUMiptoBaHoro ob'ekta. Ha HacTynHomy mantoHky (Puc. 1.9) BUMiptoeTbcs YactuHa
GeperoBoi NiHii ABiYi, NiHiika NpaBopyY BABIYi KOPOTLUA 3a TY, WO BUKOPUCTOBYETHCS MiBOPYY.

Puc. 1.9. BumiptoBaHHsi OBXMHM Gepera 3a A0MOMOroto fiHiNoK pi3HUX BeNUYuH [18]
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Ane ouiHka npaBopyy AoBLua. Akiwo macwutab nisopyy AOPIBHIOE OANHULI, BUXOAUTb LLICTb
OAMHULb MIHINOK, ane 3MeHLeHHs MaclTaby Bagivi aae 15 niHinok (L=7,5), a He 12 (L=6). Akwo
3HOBY 3MEHLUMTY LUKany BABIYi, TO BAMAeE NoaibHWI pesyneTar, AoBLa ouiHka L. 3aranom, konu
niHiNka cTae aeaani MeHLUO, JOBXWHA CTAe HECKIHYEHHO BEMUKOK. [MOHATTS JOBXWHM NOYMHAE
BTpayaTtu ceHc [18].

JTbtoic ®pait PivapacoH BrnepLue noMiTMB 3aKOHOMIPHICTb MidXK JOBXMHOI HaLioHarnbHUX
KOPAOHIB i po3mMipoM MacLuTaby. Ak nokasaHo Aani, 3anexHicTb MidK OLiHKOI JOBXUHM Ta
MacLuTabom e niHinHoto Ha rpadiky “norapudm-norapudm” (Edekt Pivapacona) (Puc. 1.10).

Puc. 1.10. Edpext PivapacoHa [18]

MaHngens6poT nprceoiB ymoBy (1-D) ana Haxuny, Tomy dyHKuii matoTb Burnsa: log(L(s)) =
(1-D)log(s) + b, ae D - dbpaktanbHa po3mipHicTb. [ns BenukobputaHii 1 - D = -0.24, npnbnusHo. D
=1-(-0.24) = 1.24, npo6oBe 3HaueHHs. Beperosa ninis MNiBaeHHOT Acpprkn ayxe rmagka, npakTUHHO



ayra kona. Haxun, pospaxoBaHuii BuLLe, Ayxe 6nuabkuii go Hynsi. D = 1-0 = 1. Lle mae ceHc, Tomy
Lo 6eperosa niHisg € Ayxe 6rMM3bKo [0 NPaBWUbHOTO eBKNIA0BOro 06'exTy, MiHis, Ska mae
po3mipHiCTb oauHuLi. B3arani, uum “rpy6iwa” niHis, yum KpyTilwmin cxun, Tum Binblia dpaktanbHa
po3mipHicTb [18].

PpakTanbHa po3MipHICTL BUMIPIOE CTYMiHb AeTanisaLii 06'ekta abo KinbkicTb NpocTopy, siky
3aiimae 06'ekT. LLlo6 BM3HauUMTK dhpakTanbHy po3mipHicTe D cTporo camonofibHOT MHOXMHW, Hexan
N - Lie KinbKICTb MEHLUMX YacTuH dpakTany siki € 3MeHLLIEHUMI Konisimy BCi€T dirypu, ar -
koedpiuieHT MacwTabyBaHHs, a n Yyucno itepauin. Toai D(Dimension) BU3HAYa€eTLCA PIBHAHHAM:

N =rD; D =lim

N—

log Nn

log m

;D =logrN

Lle € cniBBigHOLWEHHS NorapudMy Bif YMCna HOBMX EMEMEHTIB Ha iTepauii n NoAineHnx Ha
koedilieHT MacwTabyBaHHA(HOBUX eneMeHTIB 40 cTapux). Jllorapudm moxe mMath ByTb-siky OCHOBY,
TOMY MOXHa 3npoctutu o Bupasdy D = logr N [17].

3aranom Le po3MipHiCTb 3a 03Ha4YeHHSM HiMeLbKoro matemaTtuka Faycaopda. AKLo B3ATH

06'ekT eBkNigoBOI po3MipHOCTi D i 3MeHLINTW 1oro niHiiHi po3Mipn Ha 1/r y KoxHOMY
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NPOCTOPOBOMY HanpsIMKy, Moro mipa (AoBXuHa, nnouwa abo 06'em) 36inbwmntbca B N = rD pasis
MOPIBHSIHO 3 NoYvaTkoBot. Lie 306paxeHo Ha Puc. 1.11.

Pwuc. 1.11. 3miHa mipn, 3anexHo Bif AOBXWHW, B Pi3HUX po3MipHOCTAX [18]

PosrnaHemo copmyny N = rD, BisbMeMo norapvdmm 3 060X CTOPIH LibOro piBHAHHS, Nicns,
D MoXHa BUHECTM 3i CTEMNEeHs y MHOXHUK 3a npaBunamu norapudma, i 3BiAcv BUNIMBae Halla
dopmyna ans pospaxyHky poamipHocTi(D). CeHc B Tomy, Wwo D He 060B’si3koBO Mae ByTu uinum
4YUCNOM, 5iK B €BKNiAOBIN reomeTpii. BoHO Moxe ByTn apobom, sk y dppakTanbHin reomeTpii.
dpakTanbHa po3mipHicTb Ans 2D o6’exTiB 6yae D € [1; 2] i ans 3D o6’ekTiB 6yne D €

[2; 3]. Yum Bnvkye po3mipHICTb 40 oAnHULI, TUM BinbLue 06’ekT dppakTany CXOXWin Ha nNpsmy
NiHito, Yum Bnnxkye 0o ABOX, TUM BinbLue CXOXMIA Ha MIOLLNHY.

PosrnsiHemo po3mipHicTb npsimoi KaHTopa:

Tabnuus 1. PoamipHicTe nopoxy KaHTopa

ITepauii(n) KinbkicTb ninin(N) KoediuieHT maclutabyBaHHS NiHilA(r)

011

123

249

3827

n2n3n

Ha HynboBiN iTepauii BNpUHLMNI NOCTae NUTaHHA 3 YOro NoYMHAETLCA dirypa, a Ha nepuuin
iTepauii nocTae NUTaHHA sk 3bupaemMocs 3miHBaTW, i Aani us iTepauis 3aCTOCOBYETLCSH PEKYPCUBHO.
Lle o3Havae ans dpakTanbHOi po3mipHOCTi NpsiMoi KaHTopa:

D =lim

N—

log Nn

log

=lim

n—o

log 2n

log 3n

=lim

n—o

nlog 2

nlog 3

log 2

log 3

=log3 2 =0.6309.. .;
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Lle o3Havae, Wwo Ha npsma niHis KaHTopa — ue HaBiTb He MiHis, ue AeCb MK TOYKOK Ta fiHiet0.

Tox Le Aae Ham Jesike ysiBMEeHHs Npo Te, Wo Take MHoxuHa KaHTopa [20].

Hanpuknag, TpukyTHUK CepniHCbKOro € CTPOro camonoAioHNM. BuxiaHuii TpukyTHUK

3aMiHeTbCS 3 NoAiIGHMMU TpUKyTHUKaMK, Tak o N = 3. KoxHa cTopoHa Ha 1/2 Ginblua 3a CTOPOHY



BUXiOHOrO TPMKYTHMKA, TOBTO KOXKHa chirypa BMrnsgae TOMHO Tak camo, ik opuriHanbHa dirypa,
36inbLieHa y 2 pa3u (MacwTabHuii koediuieHT), To6To r = 2. 3Bigcy Bunnueae, wo 3 =2DiD =

log 3

log 2

=log2 3. Takmm unHom, D = 1.584.... OTxe, bpakTanbHa po3MipHICTb TPUKYTHUKA

CepniHcbkoro D npnbnusHo popisHioe 1.584 [17].

OcTaHHin npuknag, cHixuHka Kox. BoHa nounHaeTbes 3 NiHii AoBXUHOK 1, ika Ha3BaHa
iHiLiaTopom. MNoTiM BMaanaeTbCa cepenHs TpeTUHa MiHii i 3aMiHI0ETbCS ABOMA MiHIAMY, KOXHa 3
SAKUX Ma€e OfjHaKoBYy JOBXMHY (1/3 Bif OCHOBM), SIK B TUX LLO 3anULIMINCS 3 KOXHOro Goky. Lis HoBa
hopmMa Ha3nBa€eTLCA reHepaTopoM, OCKIfNlbKU BOHA 3a/lae NpaBuUno, sike BUKOPUCTOBYETLCS AN
reHepaluii HoBoi hopmu. MpaBuno kaxe Lo Tpeba 3abpaTh KOXHY NiHito | 3aMiHUTK iX YoTMpMa
NiHIIMK, KOXKHA 3 SIKUIA Ma€e TPETUHY OpUriHaNbHOT AOBXUHM.

Nn =4

n, rn=3

n. Tomy D =

log 4

log 3

~1.26

Ha npaktuui, po3mipHicTb MiHKOBCbLKOrO i KOpensiuiiiHa po3MipHICTb LUMPOKO
3aCTOCOBYHOTLCA Yepe3s iXHI0 NPOCTOTY BUKOPUCTaHHA. Xo4 AnsA AeAKux ppakTaniB Bei Ui
PO3MipHOCTI 36iratoTbCs, 3arasioMm BOHU He € eKBiBaNieHTHUMM.

KPUBOI MiXk ABOMa TOYKaMM CHixkMHKM Kox € HecKiH4YeHHo. JKoaeH HaMeHLUMIA LUMaToK L€l KpMBOI He € NoAIGHMM Ao NiHil, ane He €
BiH YMMOCb NOoAIGHMM A0 WMaTOUKy NNowWmHN Towo. MoXHa ckasaTu, Lo Liel LMaTo4YoK € 3aHaATO “TOBCTUM” W06
KknacudikyBaTy MOro ik O4HOBUMIPHUI 06'€KT, ane BiH 3aHaATo “TOHKUI” Wo6 knacudikyBaTn noro sik ABOBMMipHUM 06'ekT. To6TO
pO3MipHicTb _Liboro o6'ekTa € YACNIOM MiXK OQUHULEIO | ABIAKOIO.

OCHOBHi MeTOAM BM3HAYEHHSI PO3MIpPHOCTI dhpakTana:

« Po3mipHicTb Xaycaopda: Lle 3aranbHui nigxia 4o BUMiptoBaHHS po3MipHOCTI hpakTana.

« PoamipHicTeb MaHnaensbporta.

« PoamipHictb Bokca.

« KopensuinHa po3MipHICTb.

* Po3MipHicTb MiHKOBCbKOTO.

[ns Bumipi Xaycgopda Ta iHWKnX nofdibHO 03HavyBaHUX BUMIPIB 4acTO BUKOPUCTOBYETLCH
CnifbHUI TepMiH ‘dpakTanbHuii BUMIP'. BiH iCTOTHO Bigpi3HAETLCA Bif TOMOMOMNYHOT PO3MIPHOCTI,
AKa NpMUMaE nuLLe Lini 3HaYeHHs.
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dpakTanom HasMBaTb MHOXUHY, (hpakTanbHUA BUMIP SIKOT BiAPI3HAETLCS Bif, TOMOMOrYHOI
poamipHocTi [5].

1.5. ®pakranu B Hayui Ta IT

CToxacTuyHuUiA aHani3 BiJoMWI BENMYE3HUMY 3aCTOCYBaHHAMU Yy piHaHcax. CToxacTUYHUIA

aHarni3 MoXxHa BUKOPUCTOBYBATU A51si onucy LiH (piHAaHCOBMX IHCTPYMEHTIB, aKLii Y1 OnuioHiB,
nosiBunacb chopmyna bneka-LLoynsa, sika onncyBana sik paxyBaTtu LiiHy OMLioHyY, B pe3yrbsTaTi Yoro
cTaBcs 6yM puHKy onuioHiB B 70-x i 80-x pokax, 3'sBUNMNCh HOBI TPINbIAOHHI PUHKKM, NtoAn 3apobunu
Minbsapan Ha MM, fo cux nip KBaHTK B dhiHaHcax, siki 3aCTOCOBYOTb CTOXaCTUYHUIN aHani3
BBaXXaloTbCs KIto4OBMMU y BaraTtbox HaHkax i hoHaax.

[oci aHTeHn manu npocTi hopmu, siki ONMUCYIOTECA B €BKIMIAOBIN reomeTpii. B ocTaHHin

[ecsTOK pokiB 6arato B4EHMX MO BCbOMY CBIiTY Hamaranucst 3pobuti cTpykTypy dpaktansHol
reoMeTpii NpUAaTHO ANs 3aCTOCyBaHHS B 06nacTi enekTpomMarHeTnamy, Lo NpusBeno Ao po3pobku
HOBWX iHHOBALINHMX KOHCTPYKLi/ @aHTEH i LUTYYHUX OieneKTpuYHUX/MarHiTHux marepianis.

Bnepluie dpaktanu BukopucTanu ansi CTBOpeHHs edpekTnBHMX aHTeH. B 90 poku,

amepuKaHCbkuii itxeHep HataH Koen B3siB 3BMYaiiHWiA MigHWiA ApiT i AaB ih opmy camonoaibHot
nlaMaHol KpMBOI, Micnsa MiAKIOYMB 4O CBOrO paionpuiiMada i BUSIBUB, HacKinbku gobpe BoHa
npavoe. MNMpoaosKyo4un po3BmnBaTh Liel HanpsiMok B NobyaoBi aHTeH 3'scyBanocs, Wo 3a
[0noMoroto dopakTaniB MoXHa CyTTEBO 3MEHLLUMTY PO3MIpU KOHCTPYKUIWA, | pO3LIMPUTM CMYTY
po6oYmnX YacToT, TOGTO MOXHa CTBOPUTU LLMPOKOCMYrOBY aHTeHy. Hagani matemaTuyHi

pO3paxyHKu nokasanu, Lo CrnpasAi LWMPOKOCMYroBa aHTeHa, Aiana3oH sIKoi MOXe OXOMUTU BeCb
pafioxBMIbOBWIA CNEKTP NOBUHHA MaTu dpakTansHy dopmy. CamonogibHicTb KopycHa npu
NpoeKTyBaHHi 6araTo4acTOTHUX aHTEH, SIK, HanpuKknaz, NPUCTPOI Ha OCHOBI hpakTanbHOro
TPUKyTHMKa abo kunuma CepniHcbKkoro, dpakTanbHOi kpuBoi MiHKOBCLKOTO, siki Oynu BUKOpPUCTaHI
npu NpoekTyBaHHi 6aratofianasoHHoi aHTeHun [15]. C Tux nip Teopis dpakTanbHUX aHTEH MPOAOBKYE IHTEHCUBHO DO3BMBATUCS.
[NepeBaroto Takux aHTeH €_06arato/liana3oHHiCTb | NopiBHANLHA LIMPOKONONoCcHiCTb. KoeH 3acHyBaB BracHy komnaHito i Hanarogus
cepiiHui BUNYCK

cBOiX aHTeH [13].

dpaktanu - Le abcTpakTHi 06'ekTH, Taki, L0 3a,0BOSbHSATL CTPOrOMY PO3YMIHHIO



MaTemMaTU4HOrO OMNK1CY, He MOXYTb ByTU i3YHO peanizoBaHi, OCKiNbKW € HeCcKiHYeHHUMKU. OaHak
MOXXHa 3pobuTK Aeski NpUNyLLEHHs Woao ifeanbHoro dpakrany, siki 4O3BONSOTE KOHCTPYOBATH
eneKkTpomarHiTHi npunagun. 3a3suyan Taki irypy HasueatoTb npedpaktanamu abo ypizaHuMmu
thpakTanamu. Ix Takox 3aCTOCOBYIOTb B iHLUMX 3a[a4ax, sKi BiIKOPUCTOBYIOTb iX KOHLENLHO.
MoxHa 3acTocoByBaTy pi3Hi reoMeTpii, Hanpuknaza, koHdirypauii 3 4ekinbKoxX TPUKYTHUKIB abo
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iHLWi cknagHi KOHCTPYKUiT Ans Noby[oBM aHTeH, ki MOXyTb ByTU CXOXMMU Ha dpakTanbHi dopmu
i oTpuMyBaTK Aesiki 3 ixHix nepesar. 3aranom, dpakTanbHa aHTEHHA TEXHOMOTIS - Lie TEPMIH, SKUIA
BMKOPUCTOBYETLCS AN OMNUCY LNX aHTEHHUX iHXEHEPHUX MeTOZIB, ki 6a3yoTbCsl Ha Takmx
MaTemMaTUYHUX KOHLeNUisx, Wo 3abe3neyyioTb CTBOPEHHS HOBUX aHTEH 3 AesK1MU
XapakTepucTukamu, siki 6ynm HeMOXNMBUMU HaBiTb Yy cepeamnHi 1980-x pokiB.

HeloaaBHO KpuBi, LLIO CamM03anoBHIOTLCS B NPOCTOPI, Taki sk paktanu FinbbepTa i

MeaHo, Bynu BUKOpUCTaHI ANs OTPUMaHHSI BUCOKOEMEKTUBHMX, HU3bKOMPOMIiNbHUX, KOHGOPMHUX
aHTeH, 3 NOMINLWEHNMI XapakTepUCTUKaMM BUNPOMIHIOBaHHS i NigBULLEHUM KoedilieHTOM
NiACUINEHHS NOTY>XHOCTI AN Pi3HUX KOMYHIKaLINHWX | pafionokauiiHux 3acToCyBaHb.

Y GaraTbox enekTpoMarHiTHUX NPUCTPOSIX CaMOMOAIOHICTb i NIOLIMHHE 3anoBHEHHS
hbpakTanbHUX reoMeTpii YacTo SIKICHO MOB'A3aHi 3 IXHIMW YaCTOTHUMW XapakTepucTukamm, To6To
baraTtoyacToTHol poboTolo abo ManuMu po3mipamMu B HU3bKOYACTOTHUX Aiana3oHax. Ans pobotu
GaraTtofiana3oHHOT aHTEHV BUKOPUCTOBYETLCS camonogibHa KoHCTpykuis. CTpykTypa dpakTtana,
LLIO CaMO3arnoBHIOE NPOCTIP, BUKOPUCTOBYETLCS ANSt MPOEKTYBaHHSA Manux aHTeH. Macosi dpakranu
Ta rpaHuYHi opakTanv BUKOPUCTOBYIOTLCS AN NPOEKTYBaHHS @aHTEHHUX PELLITOK.

dpakTanu 4OCUTb YacTo BUKOPUCTOBYIOTLCS Y BipTyanibHOMY CBITi, SIKLLIO NOTPiIOHO

nobyaysaTu BENUYE3HWIA BipTyaribHUIA CBIT, BU3HAYaTUN KOXHY OKPEMY TOYKY Lie [iyXXe cKrnagHa
3afja4a, Ans CrpoLLeHHs 3afadi NoTpiGHO po3pobuTy reHepatop penbedy, i ANs Lboro
BMKOPUCTOBYETLCA KOHLENLis dpakTanis. JlaHAawadT MatoTb SIK NPaBuio BNacTUBICTb
npmbnmkeHoi camonoaibHOCTi. Takox Take MOXHa 3aMiTUTK 3 IHLIMMK 06’ ekTamu Npupoaun,
Hanpuvknag, sik Be 3ragyBarnocb, XmMapu, Mox, Opokooni, CHiXvHka i T.4. TobTo BCi 06’ekTn
npupoau, siki HaragyTb hpakTanu, MoxHa MoAerntoBaTy B BipTyanbHOMY CBITi 3@ ONOMOrot
reHeparopiB i3 BUKOPUCTaHHSAM KOHUeNLii dopakTanis.

KoHuenuis dpakTanis 3HaiLwna WUpoke 3aCTOCyBaHHs B iHpopMaLinHMx TexHonorisx [7].

[leski 3 o0CHOBHMX cnocobiB BMKOpUCTaHHSA dpaktaniB y IT:

« [padbika Ta Bidyanisauis: PpakTanbHi 306paxeHHs BUKOPUCTOBYIOTLCS AN CTBOPEHHS
cKnagHux Ta getanisoBaHux BidyanbHuX edekTiB. BoHn 3HaxoasTb 3aCTOCYBaHHA y
KoMn'toTepHux rpacdpikax, reHepaduii naHawadTiB, An3anHi Ta BipTyanbHili peanbHOCTi.

« Komnpecia gaHux: ®pakranbHa KoMnpecis AaHUX € MeTOAOM CTUCHEHHS, KU

BUKOPUCTOBYE camonofibHicTb chpakTanis Ans edeKkTnBHOro 36epiraHHs Ta nepegadi

iHdbopmaulii. Lie meTon go3sonsie 3aMeHLWnT po3mip dainis, 36epiratoum BUCOKY

netanisauito.

« leHepauis peanicTnyHMX 06'ekTiB: PpakTanbHi anropuTMy BUKOPUCTOBYIOTHCA AN

CTBOPEHHS peanicT4HMX 06'eKTiB, TakUX Ik XMapu, Aepesa, ripcbki xpedTn, naHawadTm
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Towo. BoHu [03BONSAOTL CTBOPLOBATY CKMafHi i HenepeabadysaHi hopmu, Lo AodakoTb
peaniam 4o BipTyanbHUX CepefoBuLy,.

» KpunTorpadisi: ®pakranbHi dyHKLiT MOXyTb ByT BUKkopuCTaHi y kpuntorpadii ans
CTBOPEHHS kpunTorpadivHmx xeLw-yHKLUin Ta reHepauii Bunagkosmx yncen. BoHu

BOMNOAit0Th BNACTUBOCTAMM, Lo 3abe3nevytoThb CTiliKicTb Ta HenepeabdadyBaHicTb.

3amicTb TpaamUiiHUX METOAIB CTUCHEHHS, siki 6a3ytoTbCs Ha BUAaneHHi Aeskol iHdopmalii
306paeHHs, pakTarnbHe CTUCHEHHSI BUKOPUCTOBYE CaMOoNOoAibHICTb hpaKTarnbHUX CTPYKTYp Anst
36epexeHHs iHdopmalii. Mpouec dpakTanbHOro CTUCHEHHS 306paxeHb CKNadaeTbes 3 Takmx
KpOKiB:

» lekomnoauuisi: 3o6paxeHHs1 po36nBaeTbCA Ha HeBenuki 6roku abo nikceni.

» KogyBaHHsi: KoxeH 6nok abo nikcenb 306paxeHHst aHaniyeTbCs ANs BUSIBNEHHS
caMoCX0oxoi CTPYKTypu. Lle o3Hayae noluyk nogibHMx YacTuH 306paxeHHs Ha pi3HNX
macLutabax.

» 36epexeHHs: 3amicTb 36epiraHHs BCix nikceniB 306paxeHHs1, 36epiraTbesa nuile iHCTPYKLiT
LLOA0 reHepaLlii camocxoxux CTpykTyp. Lie no3Bonsie 36epertu 3HauHuii o6Csr JaHux.

« BigHoBneHHsi: 306paxeHHs! BiGHOBMIOETLCS LUMSAXOM BUKOPUCTaHHS 36epexeHnX iHCTPYKLIn
Ta reHepaLlii CaMOCXOXMX CTPYKTYp.

B pe3ynbraTti hpakTanbHOro CTUCHEHHS MOXHa AOCAMTY 3HAYHOTO 3MEHLLEHHS 06CAry AaHux
306paxeHHst Npy 36epexxeHHi BUCOKOT sikocTi. OfHaK, NpoLec CTUCHEHHS Ta BiHOBNEHHSA Moxe ByTu
BUTPATHUM 3 TOYKM 30pYy 0BYMCNOBANbHUX PECYPCIB.

PpakTanu MaloTb LUMPOKE 3aCTOCyBaHHs K y Hayui [7, 14]:

» disuka: OpakTanbHa reoMeTpisi BUKOPUCTOBYETLCA AN AOCHIIKEHHS HEPErynspHux



CTPYKTYP, Hanpvknaz, B CKnagHux isnyHnx cuctemax 4u B NPUPOLHMX SBULLAX, TAKUX SIK
rpo30Bi XMapw, ripcbki naHutory, abo dpakranbHi po3euTTs.

* MegnuuHa: ®pakTtanbHuUiA aHania BUKOPUCTOBYETLCS Ar1si BUBYEHHS HEPETYNsSIPHOCTEN Y
BionorivyHux cuctemax, Hanpuknag, Ans aHaniay cepueBoi AisnbHOCTI,
enekTpoeHuedanorpamu (EEI) Ta iHWKNX GioMeanyHMX curHanis.

» Exonorisa: ®pakTanbHa reoMeTpist 3aCTOCOBYETLCS AN BUBYEHHS CTPYKTYPU NMPUPOAHUX
eKkocucTeM, Takux sk ficu abo pudw, i Anst ouiHky ix GionoriyHoro pisHOMaHiTTS.

1.6. 3acTocyHkv Ana ocnimKeHHsa dpakTanis
3aranom, KoHeLenuis dpakTanis BUKOPUCTOBYETbCSA Ans reHepaLii npupoaHux 06’ekTiB i
sBuLL, B nporpamax ana 3D mogentoBaHHs Takux sik 3DS MAX. 3a3Buyaii B Takux nporpamax € Bxe
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BOyAOBaHi pilleHHs Ansi CTBOPEHHS NpupoaHMx o6’ekTiB, Hanpuknag nanawadTy, Boau i 1.4. B uin
po6oTi Byae po3rnsiHyTO 3aCTOCYHKM e MOXHA iX OKpeMOo JoChiANTU | AeTanbHO NO3HaNOMUTUCh.
IcHytoTb BoHM sk Ana MK, Tak i Ana TenedoHis, Tak i HaBITb Taki AKi MOXHa BUKOPUCTOBYBATU
6e3nocepenHbo B Gpaysepi [8].

Ha MK, 6yno BuaineHo taki ytunitu:

« XaoS Software — komnnekcHi ppaktanu, MoxxHa BUKOPUCTOBYBaTK ANs1 hpakTanbHOro
XKUBOMUCY.

« Terragen 4 — mantoBaHHs KpaeBuziB 3a gonomoroto dpakranis (Puc. 1.12) [16].

Cnig 3a3HauunTu Wo Terragen mae nnatHy i 6eskoLuToBHY(TO6TO cnpoLueHy) Bepcito. Cnig
3a3HauYMTW, LLO iHTEpPENC NporpamMmu, cnoyaTky € iHTyiTMUBHO He3po3yMinum. Poboye BiKHO LibOro
3aCTOCYHKY BUrNsAae HacTynHUM YnHom (Puc. 1.12):

Puc. 1.12.Terragen 4. Po6oye BikHO [16]

JTliBOpyY i 3BEPXY € eNemMeHTU KepyBaHHS1, NiBOPYY 3BEPXY € CMMCOK iIHCTpyMeHTIB. Llen

3aCTOCYHOK € MOTY>XHWI, OCKINIbKM MOXHa KepyBaTu BCiMa CKNaJoBMMU KpaeBWAIB: naHAawadT, TiHb,
BoAa, aTMocdepa, OCBITIEHHS.

Takox € rornoBHe BiKHO 3 naHAwadToM, e MOXHa BUKOPUCTOBYBATM Knagilly MuLLi Lo6
nepeTsryBaTi HaBKormo i HaxunsaTu. Bee Wwo He Byno 306paxeHo, He Byno 3reHepoBaHo, i Tam byae
nycToTa, TifbKW AKLLO BiANyCTUTW KNagilly MULLI, BiH 3reHepye Ha HOBOMY MicLii kpaeBua. 3a
[0OMOMOrO0 MPABO0 KHOMKOK MULLI MOXHa NaHOpOMyBaTu. Y fiBOMY BEPXHbOMY KyTi € iKOHKa sika
BiAMOBifae 3a pyx.

3aranom, KoxeH napameTp MOXHa TOHKO HanaluTyBaTu, Hanpuknag xmMapu MoxHa Bubpatun

pi3Hi i oapa3sy Aekinbka, iXHI0 HaNOBHEHICTb, ryCTOTY, piBEHb Hag MOpeM MoXHa 3MiHioBaTu. CoHue
MOXXHa MOBHICTIO perynoBaTh oro MiCLLle3HaxXo[KeHHS HAaBKOMO 3eMrli, BCe Lie B3aEMOZI€ MK
coboto, Hanpvknag SKLLO ONyCTUTU COHLE, TO Byae 3axif COHUS siK B peanbHOMY XKUTT.

MosxHa nobaunTu sik npoLec reHepalii BiabyBaeTbCs 3a 4ONOMOIOK peKypCUBHOI reHepadii

(Puc. 1.13). B kiHui 6axxaHo 3acTtocyBaTh ‘RTP’, ons kpalwioro npoManboByBaHHS.
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Pwuc. 1.13. MNpouec reHepadii [16]

Mporpama YygoBo NiAXoAUTL AN Toro Wob CTBOPOBATM KpacuBi i peanicTUyHi, KapTuHu,

pobuTY bpakTanbHi XMBOMMCK. Xo4a B 3aCTOCYHKY € Aesiki 6aru no Tuny npoceivyBaHHS ropu KU
Byno BMUABNEHO B NpOLECi 03HaNOMMEeHHs i3 3actocyHkoM (Puc. 1.14), i npu BUKOPUCTOBYBaHHI
napaneniamy BoHa Bce LLie AOBro npawoe, ane i3 nogioHux M3 ue Havikpalwumii BUGip. B Hii MoxHa
cTBOptoBaTKU BCi MOXNUBI Kpaesnam (Puc. 1.15).

Pwuc. 1.14. Bar i3 npocBidyBaHHsIM ropu

Puc. 1.15. Kpaesua 3reHepoBaHuii 3a JONOMOro0 BUKOPUCTAHHSA KOHLEenNLii dpakTanis
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Ha TenedoHi I0S, € nporpama, sika CUMbHO BUPI3HAETLCA MiX IHLLUMMK, Lie nporpama

FRAX. B uiit nporpami MmoxHa gocniauTv dppakTtan nig Hassow ‘MHoxvHa MangensbpoTa’ Ta
pi3Hi noro nigsman. [N HbOro MOXHa 3a4aT po3MarnboBKy, KepyBaTu TEKCTYPOLO, Ta HaNpPsiMOM
ocCBiTNeHHs. Llen 3actocyHok gobpe niaxoauTb Ans pakTanbHOro XMBOMMUCY.

OpHa 3 BeG-yTuniT Ansa gocnimpkeHHs dpakTanis 3obpaxeHa Ha Puc. 1.16 [9]:

Puc. 1.16. Fractal Terrain Generator [9]

B3aranom us ytunita gyxe He fopobneHa, B Hel € Aekinbka MiHyciB. [Mo-neple naHawadt
KPYTUTBCS CTATUYHO, i Lie HE MOXKHa NMOMIHATU, He MOXHa pyxaTh Yn Habnuxkatu, He MOXHa
3MiHIOBaTV NONOXEHHSA NaHAawad Ty, Ha MOXHa 3ynUHUTK aHiMaito. HacTynHe Te, LLO Npu pyXaHHi



MOB3YHKIB, y>Xe YacTO NMOYMHAE NOraHo NPUCTOCOBYBATU 3MiHW, BUAAHI B MOB3YHKaX, Hanpuknag
Ha Puc. 1.17, npocTo 3miHeHO NoB3yHOK ‘smoothness’ i Be6-3aCTOCYHOK BUAA€e BXe NIOCKy
MIOLLMHY.

Pwuc. 1.17. bar 3 noB3yHkoM 'smoothness' [9]

Lle yepes Te, o NoB3yHOK ‘smoothness’ He npautoe, NPocTo Yepes KoxHi 0.1 3Ha4YeHHs
BUMAA NaHawadTy 3MiHIOETLCA 3 06’€MHOM0 Ha NIOCKMIA Y HaBMNaKK.

B uii po6oTi 6yae po3pobnatucek M3, nogibHe LbOMY 3aCTOCYHKY, e MOXHa Oyae Takox
nosepTaTty 06’eKT i HABNXyBaTn.
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PO30IN 2. 3ACOBU PO3POBKN TA ANTOPUTMU

2.1. 3acobu po3pobku

Mpu peanisaduii 3actocyHky 6yae BUKOPUCTOBYBATUCb MOBa nporpamyBaHHsi Python, B
cepepnoBuLLi ans po3pobkn PyCharm, Takox 6yae BUKOPUCTOBYBaTUCH CUCTEMA KOHTPOSO BEPCiii
GIT, 3a gonomoroto sikoi Byaemo 36epirati cTaH pevert Ta gikcyBaTu BCi 3MiHU B MepeXy
GITHUB.

2.1.1. MoBa nporpamyBaHHsi Python

Python — ogHa 3 MOB NporpamyBaHHsi, sika O4HOYacHO NPeTeHAYE Ha Ha3By NpocTa i

noTyxHa. Python € ogHieto 3 HannonynApHiLLMX MOB NPOrpamMyBaHHS Ha CbOrOAHILLHIN AeHb i
BMKOPUCTOBYETLCH B Pi3HMX cdepax, Big HayKoBUX JOCHimKeHb A0 Be6-po3pobku Ta iHTerpauii
cucTteM. BUKOPMCTOBYIOUM L0 MOBY MOXHA NErko 30cepeamnTich Ha pilleHHi nocTaBneHoi 3aaadi, a
He Ha CUHTaKCUCI | CTPYKTYpW MOBM NEBHOI MOBW nporpamysaHHs. OcobnueocTti mosu Python e:
* MpocTtuii i MiHIManNiCTUYHUIA — Mae NPOCTUIN CUHTAKCUC, LLIO NonerLuye po3pobky nporpam

Ta iX YATaHHS.

« BinbHui i BigkpuTnin — open source software.

* MoBa nporpamyBaHHsi BUCOKOTO PiBHS — BaM He 3HafobuTbCA 3BepTaTi yBaru Ha Taki
HWU3bKOPIBHEBI AeTani ik ynpasriHHS Nam’aTTio, ika BUKOPUCTOBYETLCS BALLIOK

nporpamoto.

« MopToBaHwuii — python ByB noptoBaHuin Ha BaraTto nnaTtgopm.

« IHTepnpeToBaHuii — python cam nepeTBoploe BXiAHWUIA KO B MAaLLMHHY MOBY.

» O6’ekTHO-OpieHTOBaHUIN — python MiaTpMMYeE ik NpoLeaypHuiA koguHr, Tak i OOI, Python
Hagae npocTi ane noTyxHi 3acobu ang OOI.

* Po3LumptoBaHuin — NeBHi Kyckn kody 3a bakaHHAM MoXxHa Hanucatn moBoto C/C++, a

noTim BUKNUKaTK ii 3 nporpamu Python.

» B6ygosaHuin — loro MoxxHa BOygoByBaTy B nporpamu Ha C/C++.

* Benukuii BUGip 6ibnioTek 3 roTOBMMU PiLLEHHAMM.

2.1.2. Cuctema KoHTponto Bepcii GIT

GIT - Git - ue GeskoLITOBHA po3nogineHa cuctema KoHTpono Bepciii(CVS) 3 Bigkputum
BUXIOHUM KOZOM, ANt KepyBaHHS 3MiHamu B KOZOBIN 6a3i NPoeKTy, Npu3HadYeHa Ans LWBnaKoi Ta
edeKkTMBHOI poboTK 3 ByaAb-SKMMU NPOeKTamMu, Bi HEBENUKUX A0 Aye Benukux. Git npoctuin y
BMBYEHHI, 3aMae MiHiMyM MicLa Ta Mae BrimckaByUYHY NPOAYKTUBHICTb.
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3a gonomoroto GIT MoxHa nerko kepyBaTv BepcisiMu Kofy, BepTaTuch 40 NonepeaHix

cTaHiB, TOGTO BiQHOBIOBATY, SIKLLIO KOA B HOBI BEPCii NpaLtoe HEKOPEKTHO, MOPIBHIOBATM 3MiHW,
CTBOPIOBATU TiNK1 Ans napanernbHoi 3MiH1 04Horo koay i T.4. Y dainy Moxe 6yTn oauH i3 4-ox
ctaHiB (Puc. 2.1)

Pwuc. 2.1. Git ctanu

3MiHv B chaiini dikcyroTbCs 3a AONOMOT0 KOMMITIB, MOTIM iX MOXHa 3arpykaTtu B XmMapy Ha

penosutopin B _GitHub uyn GitLab, 110 fo3BoONsie 36epiraT NpPoeKkT B XMapi Ta MaTu AOCTYN A0 Hboro 3 6yab-sakoro micus. Tomy,
BUKopucTaHHsA Git y NnpoekTi AonoMoxe 36epertv KOHTPOrb HaA BepcisiMu Koay, etheKTUBHO BeCTU po3po6Ky Ta 3abe3neunTu
KOPEKTHY poboTy koay.

Python, Big komnaHii JetBrains. BoHo Hagae po3LumpeHi MOXMBOCTI A5 po3po6Ku,
HanarofkeHHs i kepyBaHHsA npoektamu Ha Python. OcHOBHI dyHKLii Ta ocobnuBocTi:

* Lle noTyxHuit pegakTop koay 3 NiAcBiYyBaHHAM CUHTAKCUCY, aBTOAOMOBHEHHSM,
nepeBipKo MOMUIIOK, pedakTopMHrom Ta 6aratbMa iHIMMU OYHKUISIMK, SKi |
nonerwyoTb HancaHHs Koay.

« Mae B6ynoBaHuin debugger, 3a LONOMOroto KOO MOXXHa CTaBUTU TOYKU 3yMUHY,
KpOKyBaTV Mo Kogy, NepernsaaTi 3Ha4eHHst 3MiHHUX B KOHKPETHUI MOMEHT BUKOHaHHS!



Kody Ta iHWi Aii Ana aHanisy Ta BUNpasneHHs NOMUMOK.

» KepyBaHHs Bepcisimu: PyCharm iHTerpoBaHo 3 cucteMoto kepyBaHHs Bepcismu Git i Hagae
3pYYHi IHCTPYMEHTM ONsi KepyBaHHsSI PENO3UTOPIIMU, 3NUTTS TiNOK, BiACTEXYBaHHS 3MiH
TOLLO.

2.1.4. bBibniotekn
[Ins po3pobku 3acTocyHKy ByayTb 3aCTOCOBaHi Taki 6ibnioTeku:
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« Matplotlib — gns Bidyanisauii Haworo dpakTanbHoro naHawadgTy.

* Numpy — ansi ctBopeHHs MaTpuui KB Ta matpuupb 3 koopaMHaTamun ans nepegadi B
Bi3yanisatop.

» Random — ans gogaBaHHS CTOXaCTUYHOTO(BUMNAAKOBOrO) ENeMeHTY, OCHOBHOI CKI1aJ0BoTl
cToxacTuyHoro cppaktany, B Hawy KB. Byae BukopvctoByBaTuUCh AN BUNAAKOBOrO
3MiHEHHS1 OLHOTO 3 MapaMeTpIB B iTepaLiiHoOMy NpoLeci.

» Copy — Ans CTBOPEHHs NOBHOI Konii 3reHepoBaHoi KB.

« Tkinter — ansa ctBopeHHs GUI i 3pyqHoi B3aemogii 3 chpakTanbHuM naHawadTom.

« Time — gns dikcauii pisHuLi Yacy po6oTn MiX pisHMMU MeTodamm peanisadii.

* Numpy-stl — ansa 36epexeHHs naHgwadTy y dopmari stl.

« Pylnstaller - incTpymeHTOM Ans komninauii Python-nporpam y camogocTaTHi BUKOHYBaHi
dhaiinu, ski MoxHa 3anyckaTtu 6e3 BcTaHOBIeHHs camoro Python.

2.2. AnropuTmu reHepadii naHgwadgTis

MeTa uboro po3ainy nonsirae He CTiNbKW B TOMY, LWOO 3abe3neynTn MaTtemMaTnyHo NOBHUN i

CTporuii obnik MeToAiB, LLO BUKOPUCTOBYHOTLCSA ANs reHepaLii ppakTanbHUX naHaLwadTie, CKinbk1
B TOMY, LL06 3abe3neunTtu ornsa LmMx MeToaiB i iX 3acTocyBaHHS, JOCTYMHUX Ans KOroch 3
MaTeMaTVKOK BULLOIO LWKINbHOMO piBHSA. Ti, XTO Mae GinbLu NoBHE po3yMiHHS Uiei cdepu, NoMiTATb,
O € AesiKi CKNaaHOoCTI.

KopucHum 3actocyBaHHsIM chpakTanis € reHepadis BUNagkoBoi MiCLEBOCTI ANS

KOMM'IOTEPHUX irop Ta BipTyanbHWX CBITIB. Taki dhopMu penbedy, Sk ropu Ta AONVHNU, MaloTb
BracTMBiCcTb dopakTanis 4o camonodibHocTi. Hanpuknag, sikwo 36inbwmnt maclitad BepLumHn ropu,
BOHa Haragye dopmy Bciei ropu. Mpu 36inblueHHi macwTaby 3aranbHa hopma ropy NOBTOPHOETLCS
B CKensXx, KamiHHi Ta ocunax. OanH 3 MeTopis, WO BUKOPUCTOBYIOTLCA A8 reHepaLii dpakTanbHUX
naHalwadTiB, € anropuTM 3MILLEHHS CepeHbOi TOYKW, iHWi MeToam ByayTb MOro HacnigHMKamm
[12].

MoskHa NOMITUTK WO BipTyarnbHi CBITY KOMM'IOTEPHUX irop 3apa3 AoCUTb Benuki. € Taki irpu,

Ae MoxHa bnykatn naHglwadTom po3mipom 3 kpaiHy. Tenep Lie HEMOXIIMBO Anst A3aiHepiB, W06
BMU3HAYaTU KOXHY BEPLUMHY, KOXeH BaraToKyTHUK, KM YTBOPIOE Liei naHawadt. Tomy
CTBOPIOIOTLCS NaHAWadTHI reHepaTopu, i Lie BUKOPUCTOBYE NPUHLMNY hpakTanis Ta ix BNacTuBICTb,
T06TO camonofibHicTb.

B uit po6oTi po3rnsaaTMMyThCs TpU HaWMOLLMPEHILLMX METOAM, Siki MOXHA

BMKOPUCTOBYBATMN ANS CTBOPEHHS NnaHawwadTis.
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2.2.1. 3MileHHs1 cepeHbOol TOYKM

MepLmnii — HAUNPOCTILNIA anNropuTM — 3MiLLEHHS cepefiHboi Todkm (Puc. 2.3). Lle po3pobreHo
ansi Toro, Wwo6 MantoBaTy Wock Ha 3pa3ok 2D. Bce nounHaeTbes 3 niHii, TOMy B Ui poboTi ue
HasmaTumeTbes 1D nanawadTom, Tak SK NiHis Mae po3MipHICTL OAMHULIO, ane B KiHLEeBOMY
niACyMKy BUXOAMTb MIOCKa ropa sika HamanboBaHa Ha nnowyHi 2D.

1. B anroputmi nepemileHHsi cepeHbol TOYKM, CoYaTKy € NiHisl, 064MCnioeTbes cepeanHa
NiHii, TOMy MiHiA Mae NnovaTok i KiHeLb, 0BYMCIIOITLCA KoopANHATN cepefHboi Toukn. OTXe,
Hanpuvknag anst KOOpANHATK X, AKLLO cepednHa AOPIBHIOE iHAeKCy i+1/2, Todi koopanHaTtu
cepeHbOI TOUKM ByayTb:

X

i+

1

1

2

(xi + xi+1)

2. OBumcnoeTbCs cepeamHa, Aani nepemillyeTbCst BEPTUKANbHO KoopaMHaTa Ha HeBEnuKy
BMNaaKoBY BenuyMHy. BoHa B1naakosa ane He AoBifNbHA, BOHA Mae iCHyBaTy B LIbOMY
AianasoHi, TOX € Aesike MiHiManbHe 3Ha4YeHHs Aiana3oHy Ta Aesike MakCUMarnbHe 3HaYeHHS.
ToX 3MiLLyeTbCSt TOYKa TPOXMU BBEPX YW BHM3, CKaXIMO LLO I - Lie BUNagkosa BenuyvHa Ans



AKkoi r € (rmin; rmax), sika 4oAaeTbCs:
X
i+

+r

3. Micnsa uboro BMMAYTb ABI NiHil, 3aMicTb ogHOI. [M0TiM 3MeHLLIY€eTbCs Aiana3oH 3HaYeHb, KX
Mo)ke HabyBaTu BUNaakoBa BENMYMHA I, 3MILLEHHS, TOMY BUKOHYETbCS:

rmin =

rmax; rmax =

rmax
4. [lani noBTOptOIOTHCSA KPOokM 1 Ao 3.

Tomy, SKLLIO NPOAOBXUTY Lie poBMTK, 3peLuToto Buiiae Te, LWo Mae ByTu BnizHaBaHWUM sk ropa
abo x gonuHa (Puc. 2.2).

Puc. 2.2. MNMpouec 3acTocyBaHHSA anroputmy 3MiLLEHHsI cepeHbOoT TOYKN
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Pwuc. 2.3. NNanawadT 3reHepoBaHnin 3a JONOMOrol anroputMy 3MilLEHHSI cepeaHbOol ToYkM [22]

2.2.2. Napamertp xopcTkocTi H

BenuuunHa 3mileHHsa BUOBMpaeTbCs 3 Aiana3oHy, SKWii 3MeHLLYETbCS 3 ofHiel iTepauii oo
HacTynHoi. O4YeBMAHMI CNOCIO 3MEHLWNTU AianasoH - Lie 3MEHLLYBaTK 0ro BABIYi Ha KOXHIl
iTepauii. AKLWO r - BUNagKkoBe 3MilLEeHHs Ha iTepauii n, ToAi:

r1 =[-1; 1], r2 =[-0.5; 0.5], r3 = [-0.25; 0.25] i Tak gani.

3milleHHst Byae 3anexatu Bif TOro HacKinbK1 rmagkuii un ropbactuin naHawadT noTpibHo
oTpumaTy. FAkwo notpibHa HepiBHa ripcbka micueBicTb, Tpeba Wwob BoHa byno AocuTb 3yGyacTtoto,
fianasoH Ans napameTpy 3MilLeHHsi 3a4aeTbCs JOCUTh BEMMKMM, SKLO NOTPiOeH piBHUIA naHawadT,
ckaxiMo naropbu Ym SKicb HU3UHHI AiNsHKK, NOTPIBHO LWo6 napameTp 3MiLLEeHHSI MaB MEHLLUIA
nianasoH [21].

[ns Toro, wo6 MaTn NEBHWIN KOHTPOIb HaA, XKOPCTKICTIO penbedy, BBOAUTLCS NapameTp
XKOPCTKOCTI H, sIknii BU3Havae LWBUAKICTb 3MEHLLEHHS ANS Aiana3oHy BUNaakoBux yncen. Hexaw
JianasoH no3Havae MakcumManbHe abcontoTHE 3HAYEHHS B Aiana3oHi BUNaakoBux Ynucen ans itepadii
n, ToA4i:

range = 2-2nH

H Habysae 3HayeHb B [0;1]. Hanpuknag, skwo H = 0.5, To range = 2-n i giana3oH

3MeHLLYeTbCH BABIYI HA KOXHIN iTepauii. Akwo H = 0 To range = 1 i AianasoH He 3MeHLLyeTbCS,
TOMY 3aBXAW BUKOHYETLCS BUBIpKa MiXk TUM CaMUM [jiana3oHoM, Lo NPU3BOAUTb 0 HEPIBHOCTEW,
a akwo H =1, To range = 2-2n i Aiana3oH 3MeHLIYETbLCS B YBEPTb Ha KOXHIN iTepauii, Wwo
Np13BOAUTb A0 3rnagKyBaHHA penbedy. [na anroputmy 3MilleHHs cepedHbol TOYKM bpakTanbHa
PO3MIpHICTb NoB'sA3aHa 3 NapaMeTPOM >XOPCTKOCTi H CniBBIAHOLIEHHSIM, 3 KOO MOXHA OLHUTY iT
PO3MIpPHICTb:

D=2-H

JTaHawad T 3reHepoBaHi BUKOPUCTOBYOYM TPU pi3Hi BenuunHu H nokasaHi Ha Puc. 2.4.
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Puc. 2.4. a) H=0.2 Puc. 2.4. 6) H=0.8 Puc. 2.4. B) H=0.5.
Lle sreHeposaHo 3a gonomoroto 5 iTepauin, a cknagHicTs koay O(size * log size).

2.2.3. 2D 3MmilLleHHs1 cepeaHbOoi TOYKK

Lle 6yB 1D meTog, L0 CTBOPIOE ropu, y BipTyalibHUX CBiTax BUKOPUCTOBYETbCS 3D, TOMy
CTBOPIETLCA MNOBEPXHS ANS Hir. 2D Ha3MBaeTbCA Tak, TOMY LLO NOYUHAETHCS 3 NIOCKOI NMAOLUMHY, i
3 Hel cTBoproeTbes naHawadT y 3D. Anroputm nogibHuii 4o npeacTaBneHoro Ans O4HOBUMIPHOTO
BUMaAKy, NounHaroum 3 itepauii 0 3 ropusoHTanbHoro kBagpara, nobyaosa gpakransHOro
nangwadTy BiabyBaeTbCa HAaCTYMHUM YMHOM [21]:

1. OBuncnoTbCA cepeaHi TOYKM Mo Kpasix kBagpata (cipi kpyxxedkn) (Puc. 2.5 a) Ta

3MiLLYETbCS BEPTUKANbHa KOOpAMHaTa:



—
+
=

[N

(zi,j+ 1 +zi+1,j+1) +7,

(zi,j + zij+1) +r.
2. Ob4yuncnioeTbcst cepeaHs Todka B LieHTpi kBagpaTa (6ine kpyxe4ko) (Puc. 2.5 6), i 3miwyeTbes
BepTUKanbHa KoopauHara:

N

4

(zi,j + zi+1,j + zi,j+1 + zi+1,j+1) + r

3. 3MeHLyeTbCA Aiana3oH 3HayYeHb, KX MoXe HabyBaTu BUnaakoBa BenuyvHa r, Tobto
3MilLEHHS:

rmin =

1

2

rmax; rmax =

1

2

rmax

4. MNosTOpIOTLCA BCI Kpoku (Puc. 2.6).
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Puc.2.5a) Puc.2.56)
Puc. 2.5. MpadiuHe BigobpaxeHHst anroputMy 2D 3MLLEHHSI cepeaHboi Toukm [21]

a) 1-wa iTepauis  6) 2-ra iTepauis

B) 3-Ts1 iTepauisi ) 4-Ta iTepauis

o) 5-Ta iTepauis  e) 6-Ta iTepadis
Puc. 2.6. MNpouec reHepauii naHawadTy 3 Bidyanisauieto Ha KOXHOMY KpoLli
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2.2.4. AnropuTm fiamaHT-kBagpar

OCHOBHVM HEAOMIKOM ABOBUMIPHOTO anroputMy 3MilLleHHs1 CepeHboi TOYKU € Te, Lo

XpebTv BUAHO Ha kiHueBoMy NnaHawadrTi. Lie moxHa nobauntun naHgwadrax, 3reHepoBaHmX LM
mMeTogom. Lli xpebTu 3'sBnsoTbCA BHACNIAOK 3MILLEHHSI cepefiHiX TOYOK Ha paHHiX iTepauisX.
Anroputm AiamaHT-kBagpart 3anobirae yTBOpeHHIo rpebHiB Ha naHaladTi, 3MiLLytodm BepTUKanbHi
KOOpAMHATN B CepefMHHIX TOYKax B3JOBX KpaiB kBagpara. [oyrMHaoum 3 ropusoHTanbHoro
KBagpara Ha iTepauii 0, anropuTm giamaHT-kBagpaT npautoe HacTynHUM YnHom [21, 23, 24]:

1. OiamaHToBuI kpok (Puc. 2.7 a) - 064MCnIooTbCA CepefiHi TOUKM B LIEHTpPI kBagpariB (Cipi
KPY>€YKU), BUKOPUCTOBYHOYN BEPLLNHUW (YOPHI KPYXKEUKM).

z



1

4

(zi,j + zi+1,j + zi,j+1 + zi+1 j+1) +r

2. KeagpatHuii kpok ( Puc. 2.7 6) — obumcniooTbest cepeHi TOUKU B3OOBX KyTiB
kBazpaTiB(6ini Kpy>Keykun) BUKOPUCTOBYHOYM BEPLUMHM i LEHTparbHi cepeaHi ToUkn
KBagparis, ki € 3 060x 6okiB, abo 3 OAHOro KBaApaTy, i TOro, KU 3HAXOAUTLCS Ha
NPOTUMNEXHOMY KiHLi.

4
(zi,j + zi+

+zi+1,j + zi+

y+r

4
(zi,j + zi+

+zij+ 1 _+zi-
)+
[Ins BepLwMH Ha NiBOMY i HUWKHbOMY pebpax, z

1,j+

1

2

, 0buncnoTbLCS:
z

i+

1

2

A

1

I

(zi,1 + zi+
JNx-—

+zi+1,1 + zi+



1
(z1. j+zit
+2z1,j+ 1_+ zNy=

)+r

BepuwmHa N Le LeHTp, AK1in 3HaxoauTbes B KBaApaTi Ha NPOTUNEXHOMY KiHLi BCIET MaTpuLyi.
To6T0, OCKinbkM ofHa 3 TOYOK Byae BUXOAMTM 3a Mexi MaTpuLi, BoHa 6epeTbes 3 iHLworo kiHus [9].
[Ins BepLUMH Ha NpaBoOMYy Ta BEpPXHbOMY pebpax, z

iz

Nx,j+

1

2

, NPUNMAIOTLCS 3HAYEHHS 3

NiBOro Ta HWXHBLOTO KpaiB, To6TO [9, 21]:

1+

3. MNMoBTOpsAIOTECA KPOKM 1 i 2 BUKOPUCTOBYIOUM HOBI 0B4ncneHi cepeantn pebep sik BepLUNHM
KBagpariB.
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Puc. 2.7. a) fiamaHToBuin kpok DS [21] Puc. 2.7. 6) KsagpaTtHuii kpok DS [21]

2.2.5. YpockoHaneHHs naHgwadTy

Burnag naHawadTy MOXHa NOKpaLLmMT 32 AONOMOrOK HACTYNHUX AiN:

» [lopaBaHHs KONbOpY - 3aranbHWin KoMip NaHawadTy 3anexuTb Bif NOro BepTuKanbHOT
BMcoTU. MoxHa fofati Body, 3aCTOCYBaBLUM KONbOPOBY KapTy, A€ YacTUHU 3
HaNHWXYMMK BEPTUKaNbHYMUW BUCOTAMK 3aMariboBaHi ronyoum. Hu3bko poatalloBaHi
LiNAHKK, 5K NPaBuIo, MakoTb NULLHY POCTIMHHICTL, iKY MOXHa 3MOAentoBaTy,
3achapbyBaBLUM HACTYMHUIA Wap 3efieHMM KonbopoM. Fopu, Ae BUCOTa HaA piBHEM MOpS
HaaTo BUCOKI AN POCIMHHOCTI, MOXHa 3adhapbyBaTyt CipUM KONbOPOM, i, HapeLuTi, CHir
Ha BepLUMHaXx rip MOXHa nokasaTtu, 3acdapbyBaBLUK HaWBWLLI BEPLUMHM NaHawadTy 6inum
KonbopoM. ®pakTanbHUiA naHALwadT 3 KONbOPOBOK KAPTOI HAa OCHOBI BEPTMKANbHOIO
penbedy nokasaHo Ha Puc. 2.7.

* ATMocdepHi edhekTn - NpUpoaHi sBuLLa, Taki ik Hebo, xMapw | TymaH, MOXyTb ByTn
[oaaHi 4o naHawadTy MoXHa AoAaTv NpupodHi siBuwa, Taki sk Hebo, xmapu, TymaH i
piyvKu.

» OCBITNEHHS - MOXXHa [OAATW BUKOPUCTAHHS CBIiTNa i TiHi.



« MpocTip nig 3emneto — Hanpuknag B Minecraft, npakTmyHo Bechb Liet NpoCTip 3anoBHEHWA
Pi3HOMaHITHMMU NMeYepamu Ta TyHensamu.
« ®riopa i hayHa — HANOBHUTW AepeBamMn, POCIMHAMU, KaMiHHSAM i T.4.
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PO34IN 3. PO3POBKA 3ACTOCYHKY OJ1A OOCNIOXXEHHA ®PAKTAJIbHOIO
JIAHOLWASTY

3.1. Onuc apxiTekTypmn 3aCTOCYHKY

[onoBHUM eTanom nobyaoBy NaHawadTy — Lie BU3HAYEHHS BUCOTU AJ1S1 KOXHOT 3 TOYOK
NoBepxHi, TOGTO CTBOPEHHS KapTu BUCOT. HaibaHanbHilwa iaes e NponTUCh Mo KOXHIA Toui i
NPUCBOITU paHAOMHE 3HAYEHHS B IKWXOCb MeXax, ane sk He AWBHO, Lie He AacTb HOPMarbHUX
pesyneTaTiB, ToMy Tpeba BUKOPUCTOBYBaTV NEBHI anropntmu. B ubomy 3acTocyHky byae
3aCTOCOBYBaTWCS anropuTM AiamMaHT KBagpart.

Peanizauis reHepauii naHawadty 6yae B knacci ‘GenerateTerrain’, BiH cknagaeTbces

NOBHICTHO i3 ‘class’ meTopiB.

Puc. 3.1. ®yHkuis ‘generate_terrain()’

Mertog ‘generate_terrain()’ (Puc. 3.1), € ronoBHuM, i reHepye KB. Po3pobnstumerbcs

3aCTOCYHOK [ie MOXHa 3a4aTtut PO3MipW LUMPUHK Ta AOBXMHW. MeToa npuimae napametpu
wunpuHn(width), gosxunHu(height) Ta rapakocti(smoothness). ‘Width’ i ‘height’ Bignosiaatots 3a
po3mip nanawadTy, napameTp ‘smoothness’ KOHTPOME piBEHb MAaAKOCTi YK Pi3KOCTI, Ska
3aCTOCOBYETLCA A0 NaHawadTy. 3a 3amoByyBaHHAM napameTp smoothness MaTume 3HaveHHs 1.

Puc. 3.2. ®yHkuis ‘smallest_power_of_two()’

Mertop ‘smallest_power_of_two_after()’ (Puc. 3.2) paxye HaliMeHLUy CTyniHb ANs ABIKu,
pesynbsTaTt SKoro Tpoxu Ginblue, Y AopiBHIOE NapameTpy ‘n’. BiH BUKOpUCTOBYE onepaliito
noBGiTOBOro 3cyBy, WO PiBHO3HAYHO MHOXEHHIO Ha 2.

Puc. 3.3. ®yHkuis ‘generate_square_terrain()’
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Lis dyHkuisa (Puc. 3.3) reHepye ‘square_terrain’ — KB, i3 3a3Ha4eHUM po3MipoM i rmagkicTio.
Cnouatky BiabyBaeTbCst NepeBipka Ym € ‘size’ Yncnom Big ABiINKM B cTeneHi. PyHKLis 3acTocoBye
nepesipKy Ha cninbHi 6iTn Mix ‘size’ Ta ‘(size — 1)'. AKLWO ‘size’ € cTeneHem 2, pesynsratom byae
0. AKLwo po3mip He € cTeneHem 2, TO MK HUMK Byae NpuHaMHI OAWH cninbHWUKA GIT, | pe3ynsTatom
6yfie HeHynbOBe 3HaYeHHs, i nigHiMeTbCst nomunka ‘ValueError’.

MoTim BukNMkae ‘generate_matrix()’ Ans CTBOPEHHS NOYATKOBOI MaTpuLi 3 Hynsmu. €

BapiaHT CTBOPEHHSI MaTpuLi 3 HyNsiMU i3 3acTocyBaHHsAM 6ibnioTekn ‘NumPy’. 3 Touku 3opy
NpPoAYyKTUBHOCTI, ApYrui cnoci6 3 BukopuctaHHAM ‘NumPy’, sik ovikyeTbes, byae wenawmnm Ans
Benukux matpuub. ‘NumPy’ 3abesnevye onTumisaLito onepaLiii Ta epeKTUBHE BUKOPUCTaHHS
nam'aTi Ans obuncneHb 3 MmacuBamu. 3 iHWoro 6oky, NnepLumnii cnocid, Lo Bknovae ‘list
comperhension’, moxe 6yTun BinbLL NpuAATHUM ANs MEHLUUX MaTpuLb abo konu NoTpibHa BknageHa
CTPYKTYypa cnuckiB. Tak siK B LiIbOMY 3aCTOCYHKY HE BUKOPWUCTOBYIOTLCS BENVIKI CMINCKM, MOXHa
06inTUCh NepLuMM BapiaHTOM, Ta 3@ BUCHOBKaMW NPOBeAEHMUX B Ll poboTi TecTiB, BiH npaLoe
wBmnaLe.

Micns, Buknukae dyHkuito ‘iterate()’ (Puc. 3.4), wob 3actocyBaTtv o matpuui anroputm DS,

AKWI reHepye penbed i3 3agaHnM piBHEM rMagKocCTi.

Puc. 3.4. dyHkuis ‘iterate()’

PyHKuin ‘iterate()’ iTepauinHo 3actocoBye anroputm DS o matpuui, skuii B kogi po3outui

Ha ABa okpeMux metoau. PyHKUis NpuiMae MaTpuLio | rMagkKicTb i BUKOHYE 3aaHy KinbKiCTb
iTepauin(‘n’), aka 3anexuTsb Big po3mipy Matpuui(2n + 1). Ha koxHin iTepauii pyHKUIS BUKNMKae
diamond(giamaHTtoBuit kpok DS) i square(kBagpaThuii kpok DS) meToau.

Mertop ‘diamond’ BuKoHye aiamaHToBMI Kpok DS. BiH BUKOPUCTOBYE MaTpULIO HANMOBHEHY
Hynsamu, rmubuHy(itepauis) Ta rmagkictb. BiH 06uncntoe HeoOXigHi 3MiHHI 4Nsi AiaMaHTOBOro KpoKy
DS i BianoBigHO OHOBMNIOE MaTPULLIO.

MeTop ‘square’ BUKkoHye kBafpaTHUIA kpok DS. BiH npuiimae matpuuto, mmnbuHy(itepauis)

Ta rmagkicTb. BiH ob4ncnioe HeobxiaHi 3miHHI Ans kBagpaTHoro kpoky DS i BianosiaHo oHoBmnoe
MaTpuLito.

Jloriky Ans umx kpokie 6yno onvucaHo B nonepeaHLOMy po3gini, a ixHs peanisauis 3anvae
NeBHOro MicLs, TOMy iXHI0 peanisalio MOXHa nepernsHyT\ B fofaTtkax Uiei pobotu, ae MoxHa 3
H/MMW 03HaNOMUTUCh, TAKOX TaM HaApPyKOBaAHO HAOYHY peani3aLito i3 3acTocyBaHHAM MaTpuLib.

37



3aranowm, knac ‘GenerateTerrain’ iHkancyntoe noriky reHepadii KsagpaTHux penbedis 3a
ponomoroto DS. BiH MicTUTb MeToam Ans reHepadii penbedy, itepauii Hag MaTpuLero Ta BUKOHaHHS
koxxHoro etany DS okpemo. MeTog ‘generate_terrain()’ cnyrye Toukoto Bxogy Ansi reHepauii
penbedy, B TOM Yac SK iHLWi MeToau NiaTpuMyoTb npouec reHepalii.

Mertop ‘square_helper() - Le JONOMDKHUIA METOA,, KU BUKOPUCTOBYETLCH Y KBaApPaTHOMY

kpoui. BiH npuiiMae matpuuto, rmmbuHy, rmaakicTb i KOHKPETHI koopamHaTu. BiH obuncnioe
cepefHe 3Ha4YeHHs CycCiaHiX BUCOT i Aoaae 3Ha4YeHHs 3CyBY, W06 OHOBUTU MaTPULIIO B LiNIbOBUX
KoopamHaTax.

MeTog ‘get_h() obuncnioe 3Ha4eHHs 3cyBy(B nonepeaHix po3ainax BUKOPUCTOBYBANOCh K

r’), Wwo BukopuctoByeTbcs aAns diamond Ta square metopais. BiH npuiiMae ragkicTe i mubuHy sk
napameTpw i noBepTae po3paxoBaHe 3Ha4YeHHs 3CyBY.

MerTop ‘average()’ obumcnioe cepenHe 3HaYeHHs CnMCKy Yucen. BiH oTpumye cnvcok yncen

SIK napamMeTp i NoBepTae po3paxoBaHe CePEHE 3HAYEHHS.

Knacc ‘GenerateTerrain’ 3abe3neuye CTpykTypoBaHWUiA i MOAYNbHWIA Niaxia ans reHepawii
KBaZpaTHWX NnaHawadTiB 3a 4ONOMOro anropuTMy AiamaHT-kBagpat. BiH po3ainse pisHi kpoku
anropuTMy Ha OKpeMi METOAM, Lo NONerLye YATaHHs, po3yMiHHS Ta moaudikadito kogy. Metoamn
knacy 3abe3nevyroTb nerkuin 4ocTyn Ao npouecy reHepadii naHawadty 6e3 HeobxigHOCTI
CTBOPIOBATU €K3eMMnsp Knacy.

LLlo6 3reHepyBaTy penbed, MOXHa CKOPUCTATUCA METOAOM Kracy
‘GenerateTerrain.generate_terrain(sizer, smoothness)’, ae sizer npeacraensie 6axaHuii po3mip
penbedy, BiH 3aCTOCOBYETLCA K AN AOBXKMHU, TaK i LUMPUHW (NOsicHeHHs 3aMiHv Byae aani), a
smoothness KOHTpornoe piBeHb 3rnaaXyBaHHs, WO 3acTocoByeTbes. Metoa noseptae KB penbedy.
BukopucToBytoun knacc GenerateTerrain, Mo)kHa CTBOPIOBaTU KapTu BUCOT 3 Pi3HUMU

po3Mipamu i piBHAMY 3rnagxXyBaHHS 3a JONOMOro anropuTMy AiaMaHT-KBagpar y CTPYKTypOBaHWM
i THY4KMiA cnoci6.

B okpemomy chaiini sikuii BinnosigatumMe 3a Bidyanisauito 6yae dyHkuis nig Hasso
‘visualize_terrain_3d()’, BoHa 6yae npuiimatu KB. [ins Bidyanisauii BUKOPUCTOBYOTbCS GibnioTeku
‘NumPy’ i ‘Matplotlib’.

Cnovatky KB KOHBEPTY€ETbCSt Ha ABOBMMIPHUIA MacuB 3a JonomMoroto doyHKuUii ‘np.array()’.

[ani cTBOpIOETBLCSA CiTka KOOpAMHAT 3a AOMNMOMOrok yHKUil ‘np.arange’ i ‘np.meshgrid’. 3MiHHI X’
i 'y’ MicTATb MacmBK 3Ha4YeHb AN BiAnoBigHMx ocer, a ‘X' i 'Y’ MicTaTb maTpuui 3 ycima
MOXXIMBMMW Napamu KoopAmnHart. MoTiM CTBOPIOETHCA TPUBUMIPHUIA rpadpik 3a A0NOMOrow yHKUIT
‘figure.add_subplot(111, projection="3d’)". Liew rpadik 6yae BigobpaxaTncb Ha BkazaHOMy
MONOTHI.
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JlaHpwadT BinobpaxaeTbes 3a gonomoroko dyHkuii ‘ax.plot_surface(X, Y, terrain_array,
cmap="terrain’)’. PyHkuia npuiimae matpuui koopguHat ‘X' i Y’ i matpuuto KB ‘terrain_array’ i
CTBOPIOE NMOBEPXHIO NaHAawadTy. BcTaHOBMIOIOTHCA MiTKM OCeli 3a JOMOMOrol MeToziB
‘ax.set_xlabel’, ‘ax.set_ylabel’, ‘ax.set_zlabel’. HaoctaHok cTBoptoeTbes 06'exT ‘figure’ ans
Bigo6paxkeHHs rpadika, a B YHKLUIi BKiHLi BuknnkaeTbes ‘plt.show()’ wob sigobpaxatn rpadik.
Tenep ansa Toro wo6 Bidyanisysatu KB, MoxHa iMnopTyBaTy Lew daiin y BUKOHYBaHWA,

3Biaku 6yae nepegasatuck Hawa KB.

Tak sk npu Benukin po3bixHocTi ‘width’ i ‘height’, nangwadTh reHepyoTbCA HEe 4OCUTL
KOPEKTHO, A0 NpUKNaay, BENUUNHM Y BigHOLWEHHI 1:8 fatoTb Takuii peaynetat (Puc. 3.5):

Puc. 3.5. Bigyanisauis naHgwadTy i3 3agaH1um chiBBifHOLWEHHAM CTOPiH 1:8

[ns peanisauii noB3yHkiB (Puc. 3.6), siki L03BONSATbL MiHATM NapaMeTpu naHawadTy B
peanbHoMy Yaci, 6yno BukopuctaHo 6ibnioteky tkinter. B okpemomy daiini tk_gui.py, 6yayte
peanizoBaHi MOB3yHKW. IMNopTyeTbCs cama 6ibnioTeky ‘tkinter’ Ans cTBOPEHHS FONOBHOTO BiKHA, i
‘ttk’ moaynb 3 uiei 6ibnioTeku Wo6 cTBOPUTM NOB3YHKM 3a gonomoroto ‘ttk.Scale()’ Ta kHonky Ans
OHOBReHHs nanawadTy 3 ‘ttk.Button()’, kyau 6yae nepepgaBatuce dyHkuis ‘update_terrain()’ B
napametp ‘command’. Lis pyHKUis B cBOIO Yepry Byae BUTANyBaTW 3HAa4YEHHS 3 MOB3YHKIB 3a
[10MOMOrot ofHoiIMeHHOT dyHKLiT ‘get()’.

Puc. 3.6. MNMoB3yHkM ANst 3MiHW 3Ha4YeHb ANs 3MiHHUX ‘size’ Ta ‘smoothness’
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Ha panuii momeHT Moaynb ‘terrain’, sikuii Bignosigae 3a reHepauito naHgwadTy He
NPUCTOCOBAHMWI OHOBMATM Y1 TO 3MiHIOBATH iCHYIOUMIA NaHawadTt. Ha aaHuii MOMEHT ronoBHa
yHKUIS reHepyBaHHA naHawadTy He MoXe 3MiHIOBaTV HasiBHWUI NaHAawadT, He npuimae
iCHyto4oro Ta noBepTae 3pisaHuii ‘'square_terrain’. Tenep usa dyHkuis Gyae noBepTaTv NOBHUIA

‘square_terrain’, sikuin B nogansLuomy byae o6pobnatuck, Hanpuknaa ans sisyanisauii (Puc. 3.7).

Puc. 3.7. MogudikoBaHa dyHkuisi ‘generate_terrain()’



Peanisosanuii knacc ‘Terrain’ (Puc. 3.8) koTpuii | Byae matu uew ‘square_terrain’, Ta 6yne
maTu meTof Bidyanisauii ‘visualize()', akuii npuiimae napameTp size, kyav byae nepefnasaTy Lo
3pi3aHy 3MiHHY, sIky HasBemo ‘terrain’. Bidyanisauisi 6yae BigbyBaTuch 3a 4ONOMOroK paHille
CTBOpPEHoOro metoay ‘visualize_terrain_3d().

Puc. 3.8. Knacc ‘Terrain’
Tox B hanni tk_gui, 6yae reHepyBaTuCh naHalwadT 3 MakCUManbHUM pPo3MipoM, sikuii byae
possoneHun B cnangepi (Puc. 3.9), i Hagani BidyanisyBaTtume 1ioro 3 po3mipom size = 100

Puc. 3.9. Peanizauis noB3ayHka, i3 MakcuManbHUM pO3MipOM 3HaYEHHS 3MiHHOI ‘size’

Mpu 3MiHi NOB3yHKIB BUIAAE NOMUIIKA Tak sk Kog He MpUcTocoBaHuUii 06pobnsatn He Lini

3HaYeHHs, B TOW Yac sk cnanaep AaBas sik Lini 3HaveHHs Tak i float. LLlo6 ue Bunpasuty,
BMKOHYETbCS NEPETBOPEHHSA 3HA4YEeHHS Ha Line 3a JONOMOror ogHoiMeHHoiT dyHKuii ‘int()’, ue
BUKOHYETbCH B OTPUMAHHI 3HAYEHHS Bif NMOB3YHKIB B PYHKLIT SIKa 3anyCcKaeTbCs MiCNs HaTUCKaHHSA
KHOMKW NS OHOBINEHHS.

Peanizauis dyHkuii, ska 6yae ameHwyBaTh KB Wwnsaxom ypisaHHs noniroHansHOCTi, Ansi
Bidyanisaujii Toro X naxawadrTy, ane 3 iHLLOK PO3MIPHICTIO MaTpuLi, NokasaHa B koA, Ha Puc. 3.10.
3MEHLLEHHS PO3Mipy 3a [OBXMHOK PSAAKIB i CTOBMLIB BUAANEHO.
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Puc. 3.10. Peanisauis 3MeHLeHHs noniroHanbHOCTi naHawadgTy

Tak sk nporpama CTBOPKETLCH AN CNocTepiraHHsA dopakTansHoOro naHawadTy, noro
OOCMiIXEHHS Ta NOro 3MiHEHHs1 B peanbHOMY Yaci, nepeadavyBaHo, LUO Ui 3MiHU MOXYTb
3acTocoByBaTUCHA NOBTOPHO. OTOX B 3MiHHI 06’ekTa 36epexeHo BENUYMHM ‘size’ — poamip KB, i
‘power’ — cTeniHb ABiVikK Ans ‘size’.

Y dyHKuii ‘visualize’, Hacamnepepn cTBoptoeTbCs konis KB, wo6 He 3miHoBaTy Ti, Tak sk

noTpibHo Byae He pa3 3BepTaTUCh 3a Heto Wo6 3MiHUTK po3mip. [ns CTBOPEHHSN Konii, Yepes
cuHTakcuc Python, He MOXHa NPOCTO NPUCBOITU 3HA4YEHHA OAHOI 3MIHHOT iHLUIM Yepes 3HaK ‘=, aK
Hanpwvknag B MoBi C/C++, ToMy AoAaTKOBO iHCTanboBaHo 6ibnioTeky ‘copy’. CTBOPHOETLCS KOMist
KB 3a gonomoroto ‘copy.deepcopy()’, ska CTBOPIOE KONito MOro 06’eKTiB i KO 06'EKTU TEX MatloTb
nocunaHHsi Ha o6’ekTi, BOHa TeX CTBOPIOE iX Konii, Ha BiAMiHY Bif ‘copy.copy()’ 4n BOygoBaHoro
pilweHHs Big knaccy ‘list’, Aki pobnaTe NPOCTO NOBEPXHEBY KOMitO.

[ns ypizaHHA noniroHanbHOCTI, BUKOPUCTAHO CNPOLLEHUIN MeToA, ane Lei MeToA npautoe

HiYMM He ripLle B LibOMY 3aCTOCYHKY. Tak sik B DS npu KoXHIiN iTepaLii CTBOPOOTLCS HOBI pSAKM
Ta CTOBMLi 3Ha4eHb, BOHU NPOCTO ByayTb BUaansTuck. B umkni while dyHkuis npoxoantbesi no
iTepauisiM, TyT HEBaXIMBO, MOYMHATM 3 KiHLA iTepaLii, Ym 3 noyaTky, Tak sk TyT NpocTo
NMPUCBOIOETLCS CTAaTUYHE 3HAYEHHS, sike He 0BpaxoByeTbCA B 3anexHocTi Bia cyciais. B umkni for
3aMiHSIIOTBCS 3HAYEHHS! LiNMX BU3HAYEHUX PSAKIB YM CTOBMUIB 3Ha4YeHHsimu ‘None’, B MaiibyTHbOMY
BOHY ByayTb NpOCTO BuAaneHi. B ubomy Bunaaky umkn npautoe weuawe Hik LC, a Ha eTani
BuaaneHHs(terrain = [...]), He 3Ha4Ho, ane noeinbHille Hix LC.

LLlo6 3miHtoBaTV mMagkicTe, Npu ToMy Wob MoTUB naHawadty bys Takum cammm, NoTpiGHO
paHAOMHI 3Ha4YeHHs siki BuAae dpyHkuis get_h npu reHepyBaHHi naHawadty 36epiratu. 3MiHUTbCS

41

yHkuis get_h, kyan 6yae nepenasaTtuch koopamHaTa, Ans KO paxyeTbCs 3CyB, | paHOOMHe
3Ha4eHHs i3 noro koopamHaTamu Byae 3bepiratuck B cnncok ‘random_values[]’ Ha Lo X nosuito.
ApanToBaHuii Knacc reHepaldii, Tenep byae cTBoptoBaTUCH 06’EKT LibOro Kracy, To6To Matn
mariyHuin MeTop iHilianisauii, i horo dyHkuii 6inblwe He ByayTe MaTn fekopatop ‘@classmethod’,
ane gesiki 3 ocTaHHix 6yayTe ctatnyHuMmn metoaamu(‘@staticmethod’). Tenep Toykoro Bxogy Ans
reHepauii naHgwadTy byae metog ‘iterate’, Tak sk npw iHiLianisawii CTBOpPIOETbLCS NycTa MaTpuLo
3 NOTPIOHNUM PO3MIpOM | NPMBRACHIOETLCA BOHA 3MiHHIM ‘mat’. Takox knacc ‘Terrain’ nigaascs
3MmiHaMm, BiH Byae maTu koMno3uito, Tenep BiH He npuiimae KB B SKOCTi aprymeHTy, a ogpasy
iHiuianisye o6’ekT knaccy ‘GenerateTerrain’ B MmeTopi iHilianiauii, a BiH B cBoto Yepry mae KB. Mpu
nepLIoMy 3anycky reHepatopa, Tak camo 6yae ctBoptoBatucs KB, ane sikwio notpibHo Byae amMiHUTK
napametp ‘smoothness’, 6yae BuknukaTucb yHkuis ‘set_smoothness()’ (Puc. 3.11), sika 36epexe
L0 3MiHHY B CTaHi eksemnnapy, i dyHkuia ‘get_h()’ (Puc. 3.12) Tenep 6yae nocunatucb Ha HOBY
chyHkuito ‘new_h()’, ska 3aMicTb reHepaLii HOBUX paHOOMHUX 3Ha4eHb, Byae 3acTocoByBaTH cTapi,
36epexeHi B ‘random_values|]'.

Puc. 3.11. ®yHkuis ‘set_smoothness()’

Puc. 3.12. ®yHkuia ‘new_h()’

[Micnsi 3acToCcyBaHHS BUCOKOTO PiBHS rMaAKOCTi NPy AESKMX reHepauisix naHawadTy

NOSABMAOTLCA MOMITHI BUCTYNU. 3 TaKoK NPOBNeMoto CTUKaBCS He TiNbKW 5, 3 TUX XTO KOPUCTYETLCSH
reHepadieto naHawadTy. Lie nos’a3aHo 3 TUM LLO Ha NepLUIn Y NepLumnx itepauiax koedilieHT 3cyBy



Lie He CUnbHO 3MeHLwmMBeS. | B TakoMy macliTabi oci 'z’ ue ayxe nomitTHo (Puc. 3.13).
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Puc. 3.13. CunbHUin 3cyB AesKMX 3 BEPLUVH NPY BENUKOMY MacLuTabyBaHHi oci 'z’

Lle nokasye Lo dyHKujto Bizanisawii noTpibHo aganTyBaTtu, Tak Sk rpaHuLi Ans ocen

BCTAHOBIIOKTLCS aBTOMATUYHO, Bif, KpariHix 3HayeHb KB, Tomy TyT (Puc. 3.13) cniBBigHOLWEHHS
BepTUKanbHOI OCi 0 rOPU3OHTarnbHOI € Ay)Xe CyTTEBe, L0 Aa€e Takuii BUpasHWi 3CYB B AeAKNX

Micusix. LLo6 Lboro yHUKHYTU pobnaTbest cTanvmuy rpaHuLLi Mo ropusoHTani 3a 4ONoMOorow dyHKLii
‘'set_zlim(-0.5, 0.5)'. Takox 3MiHUTbCS CMiBBIAHOLLEHHS MiXX TOPU3OHTaNbHUMK Ta BEPTUKANBHOK
ocsMu 3a gonomoroto ‘set_box_aspect(2, 2, 1)’ sikuin npuiimae 3HadeHHs ans 3 ocel, i byae nepegaHo
3HaYeHHs 2 Ans ropusoHTanbHUX ocen, 1 Anst BepTukanbHOI oci. Tako) BCTAHOBNEHO AOro No3uLito,
o6 BiH 3arimMaB Bce MicLie NMoMoTHa, 3a fornomorot ax.set_position([0, 0, 1, 1])

3.2. Peanisauia GUI

Matplotlib — ue 6ibnioteka ans rpadivHmx 306paxeHsb, Gibnioteka GUI, sika BUKopucToBye
‘tkinter’ ik ‘TkAgg’ B sikocTi backend 3a 3amoBuyBaHHsAM. OTOX 6iGnioTeky ‘tkinter’ Bxe Gyno
BMKOPUCTAHO A5 AoAaBaHHsA NOB3yHKIB Ans B3aeMogiii 3 naHawadTom. MoTpibHo BGyayBaTH
rpadik B 3actocyHok ‘tkinter’. bibnioteka ‘matplotlib’ mae backend nig Hazsoto
‘FigureCanvasTkAgg’, sikuih MoXxHa BUKOPUCTOBYBATW AN iHTerpauii kepyBaHHs i ‘matplotlib’.

Puc. 3.14. Buknuk cpyHkuii ans sigobpaxerHs dirypu B GUI Big ‘tkinter’

Tenep Ans Bidyanisaduii B BikHi ‘window’, sike paHiwe 6yrno cTBOpeHo, NoTPibHO 3aMicTb
‘plt.show()’ Buknukatu ‘canvas.draw() (Puc. 3.14). Ansa uboro B Bidyanisauito 6yae nepenasatuch
‘canvas’ ik NocunaHHs, 3BiAKM BiH BXe Oyae BUKMUKaTK Lo dyHKLHO.
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[oaaHo BifobpaxeHHs 3HaveHb, sSiki Mae B JaHNn MOMEHT Yacy NOB3YHOK B OKpeme rore 3a
fonomoroto Takoi KoHCTpyKuii (Puc. 3.15). Tak camo BMKOHaHO peanisaLito Ans NoB3yHKa
smoothness.

Puc. 3.15. a) ®yHkuisa ‘update_size_label()’, sika BuknukaeTbcsi cnanaepom ‘size_slider’

Puc. 3.15. 6) Peanizauisi Buknuky dyHkuii ‘update_size_label()’ B cnaingepi ‘size_slider’

Mig Yac uporo piweHHst Byno NomiveHo, WO MOXIMBO oApa3y nepedaBaTvt 3HaYEHHS!

cnangepy B pyHKLjt0 Bidyanisauii, Tak Lo KHoMKa Ans OHOBMNEeHHS naHawadTy binblue He
3Hapo6uTbCs. MpUCyTHIN HeBeNUYKK Gar MOZyNto, Tak siK W06 LSt KOHCTPYKLSt KOPEKTHO
npautoBana, yHKLis Kyan nepefaeTbesi, 060B’13KOBO NOBMHHA NPUIAMATK SIKUICb apryMeHT, HaBiTb
AKLLO BOHa He Byae Moro Hisik 3acTocoByBaTu.

EnemeHTun posTtalioBytoTbes 3a gonomoroto ‘grid()’. bina cnangepy 6yae BucBiTntoBaTUCh
3HaYeHHs cnavaepy, Ans cnangepy ‘size’ 6yae BUCBITNIOBATUCH CTeMiHb ABIliKkK, 3 KOT NobynoBaHO
KB, i ii po3mip.

Byno nomiyeHo Lo npu 3akpuTTi BikHa, Nporpama NpoAoBXye npautoBatu. Lie manuin

HeaoniK, SIKMN MOXHa BUNPaBUTX HAacTyMnHUM YuHoM (Puc. 3.16):

Puc. 3.16. a) ®yHkuis ‘quit_me()’, Ska BUKUKAETLCSA NPU 3aKPUTTI BiKHA 3aCTOCYHKY

Puc. 3.16. 6) Buknuk dyHkuii ‘quit_me()’ npn 3akpuTTi BikHa 3aCTOCYHKY

Ha paHuii MomMeHT Bcst po6oTa BiabyBaeTbcs 3 04HUM NaHAawadToM, a Lo SKLO NoTPiGHO

6yae 3MiHUTKM AOro MOBHICTIO, TOGTO pa3om 3 MOTMBOM NaHAwadTy. [N Uboro peani3oBaHoO KHOMKY
NS CTBOpeHHS HoBoro nanAawadty. KHonka 6yae BignosigaTy 3a HacTynHy komanay (Puc. 3.17):

Puc. 3.17. ®yHkuia ‘new_terrain()

Y BidyanizaTop Tenep nepegaceTbcs We oauH napametp. Liei napameTtp oTpumyeTbes Bif
kHonku Tny ON/OFF, sikuii Bionosigae 3a BKIOYEHHS OCeln koopamnHaT abo X 3a BUKIOYEHHS.
Moro peanisauisi (Puc. 3.18):
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Puc. 3.18. a) Peanisauia kHonku akTuBaLii/aeaktuBauii ocen

Puc. 3.18. 6) ®yHkuis ‘toggle_button()’

B cBoto Yepry Lein napaMmeTp nepefaeTbcs B BidyanisaTtop, Ae BiH 1oro 3actocoBye (Puc.

3.19):

Puc. 3.19. AkTuBaujisi/geakTvBauis ocew



[ns Toro wo6 moxnueo Byno 3miHioBaTV Po3Mip BikHa, LOG BCi eneMeHTn Mormm
aganTyBaTtuch, NoTpibHo Hagatw im Bary (Puc. 3.20):

Puc. 3.20. BuaHayeHHsi Baru KOXHOrO 3i CTOBMUIB Ta psakiB

[le B 2-My psaKy po3TalLOBYETLCA TiNbKW NaHawwadT.

LLlo6 popaTtu craHaapTHuMiA toolbar Big matplotlib, oro noTpibHo okpemo imnopTyBaTh 3
6ibniotekn “matplotlib”, noro Hassa “NavigationToolbar2Tk”. Bci enemMeHTH B LibOMY 3aCTOCYHKY
pO3TalLOBYIOTLCA 3a AonoMoroto Metoay ‘grid()’, B To Yac sk toolbar MoxHa posTaluyBaTy nuile
3a gonomoroto Metoay ‘pack()’. Tomy, o6 Moro poaTaluysaTi, crodaTky NoTpibHO 3anakyeatun y
‘Frame()’, a Bxe NoTim 11oro poaTalloByBaTi 3a gonomoroto ‘grid()’ (Puc. 3.21).

Puc. 3.21. MNakyBaHHSA naHeni iHCTpYMEeHTIB y poboye BiKHO 3aCTOCYHKY
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AHimauis BiabyBaTmMeTbcs 3a Aonomoroto dyHKuUii ‘FuncAnimation()’ 3 6ibnioteku

matplotlib. Byae Binbysatuce Bidyanisauis nokpokoBoi reHepadii ®J1 3a gonomoroto dyHKLT
‘visualize_first_terrain_3d()’, npu reHepauii nepiuoro ta Hoeux ®J1. [ins uporo Takox byae
noTpibHo foanaty 36epiraHHs ctaHy ®J1 Ha KOXHIN iTepauii. Takox byae NPUCYTHS cTaTuvHa
aHimaLis obepTaHHsa sika peanidoBaHa B (yHKUiT ‘animation_rotate()’. na BUknuky ABOX aHimauin,
Aapyra aHimauisi(animation_rotate) 6yne npogosxeHHsim nepLuoi (Puc. 3.22).

Puc. 3.22. ®yHkuisa ‘visualize_first_terrain_3d()’

DyHKLia 36epiraHHs B toolbar 36epirae nuw 306paxeHHst, Anst 3éepiraHHs camoro

nangwadTy sk o6'ekty 3D nponucaHa dyHkuisa ‘export_plot(), ska 3a gonomoroto MmetodiB mesh
6i6niotekn numpy-stl 36epirae octaHHil BidyanizoBaHuit 06’ekT nig Ha3sot ‘terrain’ i3
po3LwmpeHHsim ‘stl’ B AMPEKTOpIito 3acTOCYHKY. BuknukaTtuce us dyHKUia 6yae npu 3akpuTTi
3aCTOCYHKY.

[Ins cTBOpEHHS1 CaMOA0CTaTHBOrO BUKOHYBaAHOro dharny BukopuctaHo bibnioteky

‘Pylnstaller’. Mponucasun B gupekTopii npoekTy ‘pyinstaller tk_gui.py’, wo ctBopuTh
BUKOHYBaHuUi cbarn y aupektopii ‘dist’. Takox nepen Ha3Boto chainy MoXHa BKasaTu LUnsSxX A0 Hel.
PylInstaller aBTomaTtnyHo aHaniaye koA Ta CTBOPUTb BUKOHYBaHWUIA hain pasom 3 HeobXigH1MuK
3anexHOCTAMM.

3.3. Wnaxu ontumisauii

Llei 3acTocyHok cnig po3napanenidysatu, ane yepes GIL, B uboMy BUNagky, i3

3actocyBaHHAM python Le 3pobuTn HeMoXnuBo. [ns Lboro NoTpiGHO NEPEHOCUTN PiLLEeHHs Ans
reHepauii naHawadTiB Hanpuknazg Ha moy C++, Ta BXe nicns BOYA0BYBaTH Lie PiLLeHHs B L0
nporpamy, sika HanvcaHa Ha python.

Mpobnema 3acTocyHKy B TOMY, LLO NPpK 3MiHi NapameTpiB irypu, BOHa NOCTiINHO

nepebynoByeTbcs. MOXNMBO 3HAWTK SKEChH iHAKLLE PilLeHHS, ANs 3MiHU 06’eKTy B peanbHOMY Yaci.
MeTonu ans Bisyanisauii 06’ekTa MOXyTb BUKIUKATUCh Ge3nepepBHO, B MOMEHT pyXaHHS NMOB3yHKa,
TOMY ninwe peanisoByBaTy Taki dpyHKuin 6e3 ymoB Tuny ‘if’.
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€ ceHC po3rnsaHyTK iHLWi GibnioTekw Ana peanisadii Bidyanisauii 4v gui, Tak sk npn

Bidyanisauji Benvkmx o6’ekTiB, ‘matplotlib’ nounHae goBro rpyanTu, i 4ns iHWKWX 3aga4 okpim
Bidyanisauji us 6ibnioteka He niginge. [ns Bidyanisauii MoXHa po3rnsaHyTy Taki 6ibniotekn sk
‘OpenGL’, Ta ‘mayavi’, sika nobynosaHa Ha nepuuiii. LlikaBuii bakT, Ha caiiti 6i6niotekn ‘OpenGL’
€ piaHi 306paxeHHs], Aeski 3 HIX Lie pakTanu. Ix MoXHa BUKOPUCTOBYBaTM Ans nobyaosm i3
B3aEMO/I€0 3 HABKOMMWLLHIM CBITOM, HaNnpuUKNag irop Yn cucteM 3 asToOMaTn3oBaHUM
npoekTyBaHHAM. [Ina peanisauii cknagHux gui MoxHa po3rnaHytv ‘PyQt5’, akun ‘matplotlib’ Takox
MOXe BUKOPUCTOBYBaTU B SIKOCTi BekeHay.

3.4. lemoHcTpauis poboTn 3aCTOCYHKY
3acToCyHOK 3anyckaeTbCsl Npuy 3anycky ronoBHOro dpanny nig Hassoto ‘tk_gui.py’ abo x
BUKOHYBaHOro daiiny. PiHansHa Bepcis nporpamu BUrNsaae HacTynHuM YnHom (Puc. 3.23):

Puc. 3.23. Pobouye BikHO 3acTocyHky 'Terrain Generator'

Lle BikHO, sike BigkpuBaeTbcs 3 3agaHumM poamipom 1000x700 nikcenis, ke MOXHa

MacLuTabyBaTu Ta po3ropTaTti Ha MOBHWUI ekpaH. BoHo MicTUTb dbpakTanbHuii naHawadT,
nobynosaHuii 3a gornomoroto DS anroputmy. Liei &1 3agaHuii MakcMmanbHOK BEMUYMHOK 8, SKUi
BifobpaxaeTbCs i3 No4aTKy i3 3MEHLIEHUM 3HaYeHHAM 5, @ NOMIroHIB (YM TOYOK BEPLUKH) B HBOMY
(25 +1)2 =1089.
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BikHo Mae B cob6i 10 OCHOBHUX efleMeHTIB, a came:

« MoB3yHkKM Ta ixHi HaiMeHyBaHHsI(2 sliders, 2 labels).

* 3Ha4yeHHs NOB3YHKIB.

« Toolbar — naHenb iHCTPYMEHTIB, L0 NOCTaBNAETLCS CTAHAAPTHO Npu BidobpaxeHHi 3a
nonomoroto 6ibniotekn ‘matplotlib’.

* Tpu kHOMKK, odHa 3 SKUX Bignoeigae 3a ctatnyHy dyHkuito(New Terrain), a iHwa
HanaluToBye BijoOpaXeHHsIM Ocel, sika 3a 3aMOoBYYBaHHAM ix BUMuKkae(AXIS_OFF), i
TPEeTHA KHOMKa B KYTKy 3npaBa 3HM3Y sika BiAMOBIAA€E 3a BKIOYEHHSA/BUKIIOYEHHS aHimaLii
obepTaHHs, sika 3a 3amoB4yBaHHAM yBiMkHeHa(ANI_ON).

Pyxatoun noB3yHKM MOXHa AUHaAMIYHO 3MiHIOBaTV naHalwadT.

« 3a gonomoroto cnavgepy ‘Size’ MoXHa 3MiHIOBaTV KiflbKiCTb MOMIroHiB, 3 sikMX BiH
BynyeTbeCs, LS KiNbKiCTb paxyeTbest sik (2Size + 1)2. [MoB3yHok BMAae Tinbku Lini yucna,
Lie NoB’A3aHo 3 cneuundikoro Koay.

« 3a gonomoroto cravigepa ‘Smoothness’, MoxkHa 3MiHIOBaTV rmagkicTb naHawadTy, Yum
MeHLLUe Leln napameTp, TM BinbL naHawadT byae piskuia, Yum Binblue(go 2-o0x), TMM BiH
piBHiLLe i rmagkiwe.

€ [ABi KHOMKM:

* Knonka ‘New Terrain’, nae HoBui 3reHepoBaHuin DJ1, skuii MoxkHa fani Tak camo
[ocnimxyBaTu.

» KHonka ‘AXIS_OFF’, Bignosiaae 3a Bino6paXxKeHHs 0ceil, HaXaBLUW Ha Hel MoxHa
nepeknoYnTy ii Ha 3HaveHHs ‘AXIS_ON’, Wwo BKMIOYUTL iX BiGOBPaKEHHS, i HAaBNaKU.
Takox MOXHa KepyBaTu naHALWadToOM 3a AONOMOroK MWLLI:

« Baxkmmarouu niBy KHOMKY MULLII MOXHa pyxaTu naHalwadT.

» 3axmMmaroum npaBy KHOMKY MULLI | pyxatodun Bnepes Y Hasa, MoxHa 1oro
macLutabysaty.

Ha naHeni iHCTpyMeHTiB, sika HagaeTbes Gibniotekoto ‘matplotlib’ € dyHKUiOHaNbHI KHOMKK:
« 1-Lla KHOMKa BiAMNoBiAae 3a NOYaTKOBUIA CTaH HanalTyBaHb.

* 2 i 3 KHOMKM He 3HaJo6NATLCS, Tak Ik BOHM BiANOBIAAOTb 3a NEPeKYeHHs MiX pPisHUMU
chirypamu, siki BigobpaxatTbcs BogHOYaC, B LibOMY 3aCTOCYHKY BifobpaxaeTbes nuL
ofHa irypa B MOMEHT Yacy.
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« 3a gonomoroto 4 i 5 KHOMOK MOXXHa pyxaTu Ta HabnwkaTtu BignoBiAHO, Ui X Ail MoXHa
BUKOHYyaTV ABOMA KHOMKaMM MULLI, LLIO OMUCYBanoch paHitue.

« 3a 4ONOMOrot0 6-0 KHOMKM MOXHa HanaluTysaTh po3TallyBaHHS dirypu.

* 3a gonomoroto 7 KHomnku MoxHa 36epertn ®J1y Burnagi npoctoro poto

[Mpu 3aKpUTTi 3aCTOCYHKY, OCTaHHIl cTaH BidyanizoBaHoro ®J1 6yae 36epexeHo y popmarti
‘stl’(po3wwmperHs ansa 3D o6’ekTiB) nopaa i3 BUKOHYBaHWM dhainom 3actocyHky(tk_gui.py).
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BNCHOBKWM

B npoueci BukoHaHHs 6akanaBpcbkoi po6oTu, 6yno 3pobrneHo:

« JlitepaTypHuii ornsg 3a TeMOK ‘BUKOPUCTaHHS KOHUENLii dppakTanis y KOMM'loTepHil

rpadiui’.

« JocnigxeHo NOHATTA dopakTany, Noro pisHOBUAN Ta iCTOPIt0 BUHUKHEHHS.

» O3HaiomneHo 3 Teopieto pakTanis, 03HaNOMNEHO 3 PpaKTanbHOK PO3MIPHICTIO.

* OrnsaHyTO Aesiki 3 OCHOBHYMX 3aCTOCYHKIB 3 BUKOPUCTaHHSIM KOHLUenLii dopakTanis B
KoMM'toTepHil rpadiui, 3okpema Ans reHepauii naHawadgTie, XmMap, AepeB Ta iHWnX

npupoaHux ob'ekTiB. BukopuctaHHs cpaktaniB y LMX KOHTEKCTax [03BOMSE OTpUMaT
BWCOKOSIKICHI Ta peaniCTU4Hi 306paxeHHs, SKi CXOXi Ha NPUPOAHI 06'eKTH.

* O3HaiOMMNEHO 3 OCHOBHMMY anropuTMamu Ans reHepadii pakTanbHux naHawadrTis.

* Po3pobneHo 3acTocyHok ansi reHepadii ppaktanbHoro naHawadTy Ta NpoBedeHHs Moro
pocnimxkeHHs. Lie 3acTocyHoOK 403BOMsie CTBOPIOBATY PiBHOMAHITHI dopakTasnbHi

naHgwadT 3 pisHUMKU NapamMeTpamu Ta BiATBOPIOBATY iX 3 BUCOKOK TOYHICTIO SIKUMM

MOXHa KepyBaTu 3a JOMNOMOroto rpadiyHoro iHTepdency kopuctysaya.

MoxHa 3pobuTn BUCHOBOK, LLIO B XaOCi, KW OTOYYE CBIT, CNpaBAi NPUCYTHI ifeanbHi

dopmu, NOACTBO 3yCTpivaeTbes i3 hpakTanamm BykBanbHO y BCiX cdepax XUTTS, TOMY L0
KOHLenuis dpakTanis € Ayxe NpocTolo Ta Aonomarae B pisHUX rany3sx Hayku, Sk Hanpuknag
BMKOHAHHS BUCOKOEEKTUBHUX, HU3bKONPOMIiNbHUX Ta GaratogianasoHHUX aHTeH, Ta pa3oM 3 LM
3MeHLUYyBaTK ii po3mip, a Takox nonerwye BUKOHaHHsi NeBHUX 3afad B IT, Takmx sik: Bidyanisauis
Pi3HUX NPUPOAHUX 0B’EKTIB, SIBULL YW PyXy, MOXHA NErko BUKOHYBATN CTUCHEHHS 300paxeHb i ix
pO3nakoBYBaHHSAM, i3 MiHiManbHOI BTPATOH iX SIKOCTI.

BiokpuTTta cbpaktanie 3amiHuno 6araTto TpaaULiMHUX yABNEHb NPO reoMeTpito, a B iCTOpPil PO3BUTKY _MaTemaTukm

CTano nepenoMHUM



MOMEHTOM.
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